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Abstract—When solving bilevel optimization problems (BOPs)
by evolutionary algorithms (EAs), it is necessary to obtain the
lower-level optimal solution for each upper-level solution, which
gives rise to a large number of lower-level fitness evaluations,
especially for large-scale BOPs. It is interesting to note that
some upper-level variables may not interact with some lower-
level variables. Under this condition, if the value(s) of one/several
upper-level variables change(s), we only need to focus on the
optimization of the interacting lower-level variables, thus reduc-
ing the dimension of the search space and saving the number
of lower-level fitness evaluations. This paper proposes a new
framework (called GO) to identify and utilize the interactions
between upper-level and lower-level variables for scalable BOPs.
GO includes two phases: the grouping phase and the optimization
phase. In the grouping phase, after identifying the interactions
between upper-level and lower-level variables, they are divided
into three types of subgroups (denoted as types I-III), which
contain only upper-level variables, only lower-level variables, and
both upper-level and lower-level variables, respectively. In the
optimization phase, if type-I and type-II subgroups only include
one variable, a multi-start sequential quadratic programming is
designed; otherwise, a single-level EA is applied. In addition,
a criterion is proposed to judge whether a type-II subgroup
has multiple optima. If multiple optima exist, by incorporating
the information of the upper level, we design new objective
function and degree of constraint violation to locate the optimistic
solution. As for type-III subgroups, they are optimized by a
bilevel EA (BLEA). The effectiveness of GO is demonstrated on a
set of scalable test problems by applying it to five representative
BLEAs. Moreover, GO is applied to the resource pricing in mobile
edge computing.

Index Terms—Bilevel optimization, evolutionary algorithms,
interaction, upper-level variables, lower-level variables, resource
pricing, mobile edge computing

I. INTRODUCTION

A bilevel optimization problem (BOP) is a hierarchical
optimization problem, in which a lower-level optimization
problem is nested within an upper-level optimization problem
[1]. Many practical optimization problems can be modelled as
BOPs, such as pricing setting [2], [3], resource allocation [4],
[5], optimal control [6], and machine learning [7], [8].
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Without loss of generality, a BOP can be formulated as
follows:

min
xu,xl

fu(xu,xl)

s.t. guj (xu,xl) ≤ 0, j = 1, . . . , pu

huj (xu,xl) = 0, j = pu + 1, . . . , qu

xl ∈ arg min
xl

f l(xu,xl)

s.t. glj(x
u,xl) ≤ 0, j = 1, . . . , pl

hlj(x
u,xl) = 0, j = pl + 1, . . . , ql

(1)

where xu = (xu1 , . . . , x
u
nu) and xl = (xl1, . . . , x

l
nl) are

the upper-level and lower-level solutions, respectively; xui
and xli are the ith upper-level variable and the ith lower-
level variable, respectively; nu and nl are the numbers of
upper-level and lower-level variables, respectively; fu(xu, xl)
and f l(xu, xl) are the upper-level and lower-level objective
functions, respectively; guj (xu, xl) and glj(xu, xl) are the jth
upper-level inequality constraint and the jth lower-level in-
equality constraint, respectively; huj (xu, xl) and hlj(xu, xl) are
the (j−pu)th upper-level equality constraint and the (j−pl)th
lower-level equality constraint, respectively; pu and pl are the
numbers of upper-level and lower-level inequality constraints,
respectively; and (qu − pu) and (ql − pl) are the numbers of
upper-level and lower-level equality constraints, respectively.

The degree of constraint violation of (xu, xl) on the jth
upper-level constraint is calculated as follows:

cvuj (xu, xl) =

{
max{0, guj (xu, xl)}, j = 1, . . . , pu

max{0, |hu
j (xu, xl)| − δ}, j = pu + 1, . . . , qu

(2)
where δ is a positive tolerance value (e.g., δ = 1e−4) to relax
equality constraints. Then, cvu(xu, xl) =

∑qu

j=1 cv
u
j (xu, xl) re-

flects the degree of constraint violation of (xu, xl) at the upper
level. The calculation of the degree of constraint violation at
the lower level is similar to that at the upper level in Eq. (2);
thus, its expression is omitted.

A solution x = (xu,xl) is called a feasible solution of a
BOP if and only if it satisfies all constraints at both levels
and xl is the optimal solution of the lower-level optimization
problem corresponding to xu. 1 The feasible solution with the

1From a practical point of view, there is no guarantee that the optimal
solution of a complex lower-level optimization problem can be found, such
as an NP-hard problem. Therefore, under this condition, it can be reasonably
assumed that the near-optimal solution of the lower-level optimization problem
is acceptable [27].
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TABLE I
EXISTING STUDIES ON BLEAS.

Reference Category Solver Approximation method
[9] 1 GA N/A
[10] 1 PSO N/A
[11] 1 Chaos search N/A
[12] 1 Estimation of distribution algorithm N/A
[13] 1 GA N/A
[14] 1 GA N/A
[15] 2 GA/Linear programming method N/A
[16] 2 DE/Interior point method N/A
[17] 2 Ant colony system/Monotonic optimization method N/A
[18] 2 GA/Variable neighborhood local search algorithm N/A
[19] 2 PSO/PSO N/A
[20] 2 PSO/PSO N/A
[21] 2 DE/DE N/A
[22] 2 GA/GA N/A
[23] 2 DE and interior point method/DE and interior point method N/A
[24] 2 CMA-ES/CMA-ES N/A
[25] 2 GA/GA Quadratic approximation

[26] 2 DE/DE Response surface modes of
order 1 and 2 and Kriging

[27] 2 GP/GP Greedy heuristics
In the third column, the solvers before and after “/” are used in the upper and lower levels, respectively.
In the fourth column, N/A indicates that no approximation method is used.

smallest upper-level objective function value is the optimal
solution of a BOP. The goal of solving a BOP is to locate the
optimal solution [24].

A. Related Work

Compared with conventional single-level optimization prob-
lems (SOPs), the nested structure of BOPs introduces several
difficulties to optimization approaches, such as non-linearity,
non-convexity, and disconnectedness, even if both the upper-
level and lower-level optimization problems are linear pro-
gramming problems. To date, many classical bilevel opti-
mization approaches have been proposed [28]. They typically
transform BOPs to SOPs by taking advantage of Karush-Kuhn-
Tucker (KKT) or other optimality conditions, and then solve
the transformed SOPs by classical optimization approaches,
such as simplex approach [29], branch-and-bound approach
[30], descent approach [31], and penalty function approach
[32]. These classical bilevel optimization approaches are com-
putationally efficient, but often require strong assumptions on
mathematical properties of BOPs, such as linearity, convexity,
or smoothness, thus severely limiting their ability to solve
complex BOPs.

As a class of population-based heuristic search approaches,
evolutionary algorithms (EAs) have been recognized to be
promising approaches for dealing with BOPs [33]. A con-
siderable number of bilevel evolutionary algorithms (BLEAs)
have been proposed, which can be roughly classified into
two categories: 1) single-level reduction-based approaches and
2) nested structure-based approaches. These algorithms are
summarized in Table I.

1) Single-level Reduction-based Approaches: This category
of approach first reduces BOPs into SOPs and then employs
EAs to solve them. For example, Hejazi et al. [9] employed
the KKT condition of the lower-level optimization problem
to transform BOPs into SOPs, and then solved them by ge-
netic algorithm (GA). Subsequently, the same transformation

method is combined with various optimization algorithms,
such as particle swarm optimization (PSO) [10], chaos search
[11], and estimation of distribution algorithm [12]. In addition,
Wang et al. [13] constructed specific SOPs with two objective
functions that are equivalent to the original BOPs. In order to
solve the bi-objective SOPs, a new constraint-handling scheme
and a specific-design crossover operator are incorporated into
GA. Recognizing that the KKT condition contains a set of
inequality constraints that are usually difficult to satisfy, Sinha
et al. [14] proposed a reduction method based on the relaxed
KKT condition and then integrated it with GA to solve BOPs.
Although this category of approach is able to cope with BOPs
involving complex upper-level optimization problems [34], it
requires the assumptions on mathematical properties of the
lower-level optimization problem for problem transformation.

2) Nested Structure-based Approaches: In this category
of approach, the upper-level and lower-level optimization
problems are solved in a nested manner. Specifically, an upper-
level solution is first generated and its lower-level optimal
solution is then obtained. A lot of studies fall into this category
[1]. For instance, Mathieu et al. [15] applied GA at the
upper level and a linear programming method at the lower
level. Zhu et al. [16] exploited differential evolution (DE) [35]
and interior point method for the upper-level and lower-level
optimization problems, respectively. Huang et al. [17] studied
a bilevel optimization approach for cooperative mobile edge
computing (MEC), where ant colony system is employed to
make the offloading decision at the upper level and the mono-
tonic optimization method is used to allocate the computation
resource at the lower level. Chaabani et al. [18] employed
GA at the upper level and the variable neighborhood local
search algorithm at the lower level for bilevel combinatorial
optimization problems. It is worth noting that the above studies
only adopt EA at the upper level.

For solving more complex BOPs, many methods adopt
EAs at both levels. Zhang et al. [19] proposed a bilevel
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optimization algorithm for the competitive strategic bidding
optimization in day-ahead electricity markets. In this algori-
thm, PSO is applied as the optimizer at each level. Li et al.
[20] adopted two variants of PSO to solve the upper-level and
lower-level optimization problems, respectively. Angelo et al.
[21] used DE at the upper and lower levels. Subsequently,
GA is used in a similar manner in [22]. Islam et al. [23]
developed a nested bilevel memetic algorithm, where DE
and interior point method are performed at both levels. Very
recently, He et al. [24] designed a bilevel evolution strategy
with covariance matrix adaptation, called BL-CMA-ES, which
utilizes CMA-ES [36] at each level. In BL-CMA-ES, a sharing
mechanism is constructed to extract prior information of the
lower-level optimization problem from the upper-level opti-
mization problem. Although the successes of these methods
have been reported, most of them investigate instances with
no more than (10+10) variables 2. The reason is that in these
methods, the lower-level optimization process is performed
for each upper-level solution. As the number of upper-level
variables increases, more upper-level solutions are required
in the optimization process; therefore, the number of lower-
level FEs may increase dramatically [1]. When solving large-
scale BOPs 3, they may suffer from an unaffordable number
of lower-level FEs.

To improve the efficiency of nested structure-based ap-
proaches, some attempts have been made to incorporate ap-
proximation models. There are two ways to achieve this goal.
The first way is to construct an approximate mapping between
the lower-level optimal solution and the upper-level solution.
Sinha et al. [25], [38] introduced a bilevel optimization algori-
thm based on the quadratic approximation, called BLEAQ.
In BLEAQ, the lower-level optimal solution is generated by
the quadratic approximation, if the quadratic fit is successful.
Later, an extension of BLEAQ is proposed by incorporating
archiving and local search [39]. The second way is to build
the surrogate model for approximating the objective function
and constraints at the lower level. Afterward, some lower-
level solutions are evaluated by the surrogate model rather
than the original objective function and constraints. Islam
et al. [26] studied a multi-surrogate assisted EA for solving
BOPs, where response surface modes of order 1 and 2 and
Kriging 4 are used to approximate the objective function and
constraints of the lower-level optimization problem. Kieffer
et al. [27] developed a genetic programming (GP) hyper-
heuristic approach to train greedy heuristics for tackling the
lower-level optimization problem. These methods can alleviate
the computational burden to some extent. However, the choice
of the approximation model is still an open issue and is highly
problem-dependent [41]. In addition, the construction cost

2In this paper, (nu +nl) variables denote nu upper-level variables and nl

lower-level variables.
3The existing studies have not yet given a clear definition of large-

scale BOPs. However, according to the results in Tables S-I–S-V of the
supplementary file, the existing BLEAs require more than 3e+6 FEs on some
(25+25)-variable BOPs. Since the number of FEs is usually set to 3e+ 6 in
large-scale single-level optimization [37], we define BOPs with no less than
(25+25) variables as large-scale BOPs.

4Kriging is a commonly used surrogate model, also known as Gaussian
process [40].

and accuracy of the approximation model are often related
to the scale of BOPs; thus, solving large-scale BOPs remains
a challenging issue.

B. Motivation and Contributions

In nested structure-based approaches, the lower-level solu-
tion should be optimized for each upper-level solution, which
leads to a large number of lower-level FEs. This is one of the
main reasons why it is difficult for current nested structure-
based approaches to solve large-scale BOPs. Note, however,
that some lower-level variables may not interact with some
upper-level variables. Under this condition, the optimization
of lower-level variables depends only on some upper-level
variables that interact with them. Therefore, if the value(s)
of one/several upper-level variables change(s), we only need
to focus on the optimization of the interacting lower-level
variables and ignore the optimization of the non-interacting
lower-level variables.

To illustrate this phenomenon, we took the following BOP
as an example:

min
xu,xl

fu = (xu1 − 1)2 + (xu2 − xl1)2 − (xu3 − xl2)2

s.t. − 1 ≤ xu1 , xu2 , xu3 ≤ 1

xl ∈ arg min
xl

f l = (xu2 − xl1)2 + (xu3 − xl2)2 + (xl3)2

s.t. − 1 ≤ xl1, xl2, xl3 ≤ 1

(3)

where xu = (xu1 , x
u
2 , x

u
3 ) is the upper-level solution and xl =

(xl1, x
l
2, x

l
3) is the lower-level solution.

By analyzing this BOP, the relationship between xu =
(xu1 , x

u
2 , x

u
3 ) and the lower-level optimal solution xl

∗
=

(xl
∗

1 , x
l∗

2 , x
l∗

3 ) can be obtained as follows:
xl
∗

1 = xu2
xl
∗

2 = xu3
xl
∗

3 = 0

(4)

From Eq. (4), we can identify the following interactions:
• Any lower-level variable does not interact with xu1 ;
• xl1 only interacts with xu2 ;
• xl2 only interacts with xu3 ;
• xl3 does not interact with any upper-level variable.
Therefore, we can divide upper-level and lower-level vari-

ables into four subgroups: {xu1}, {xu2 , xl1}, {xu3 , xl2}, and
{xl3}, which can be optimized separately. In this way, if the
value of xu1 changes, none of lower-level variables need to be
optimized; if the value of xu2 changes, only xl1 needs to be
optimized; and if the value of xu3 changes, only xl2 needs to
be optimized.

Based on the above observations, we design a brand-new
framework, called GO 5, to identify and utilize the interactions
between upper-level and lower-level variables for scalable
BOPs. In bilevel optimization, the definition of the interactions
between upper-level and lower-level variables is: the optimum
of a lower-level variable depends on the values taken by other
upper-level variables. To the best of our knowledge, it is the

5The name of GO is derived from the first capital of the two phases in the
framework, i.e., grouping phase and optimization phase.
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Algorithm 1 GO
1: /*Grouping phase*/
2: Group upper-level and lower-level variables into a set of sub-

groups {G1,G2, . . . ,Gk} by Algorithm 3;
3: /*Optimization phase*/
4: Optimize {G1,G2, . . . ,Gk} by Algorithm 4;
5: Output the optimal solution of the original BOP by combining

the best solution of each subgroup

first attempt to take advantage of the interactions between
upper-level and lower-level variables for bilevel optimization.

The main contributions of this paper are summarized as
follows:

• We first identify the interactions between upper-level and
lower-level variables, and then divide them into three
types of subgroups (denoted as types I-III). By doing this,
a BOP is solved by optimizing several small-scale sub-
groups, thus reducing the dimension of the search space
and saving the number of lower-level FEs. Therefore, GO
provides an effective way to tackle large-scale BOPs.

• A multi-start sequential quadratic programming (SQP) is
designed to optimize type-I and type-II subgroups that
contain only one variable, and a single-level EA is applied
to optimize type-I and type-II subgroups that contain
multiple variables. In terms of type-III subgroups, they
are optimized by a BLEA.

• A criterion is proposed to judge whether a type-II sub-
group has multiple optima. If multiple optima exist, new
objective function and degree of constraint violation are
designed to locate the optimistic solution by considering
the information of the upper level.

• Five representative BLEAs, which use different EA
paradigms, i.e., GA, DE, and CMA-ES, are embedded
into GO. Systematic experiments demonstrate that GO is
able to improve the performance of these BLEAs on a set
of scalable test problems with up to (100+100) variables
and the resource pricing in MEC.

The rest of this paper is organized as follows. Section II
describes the details of GO. The experimental studies are
presented in Section III. Section IV applies GO to a practical
case. Finally, Section V concludes this paper.

II. PROPOSED APPROACH

The implementation of GO is presented in Algorithm 1,
which includes two phases, i.e., the grouping phase and the
optimization phase. In the grouping phase, the interactions
between upper-level and lower-level variables are first iden-
tified by Algorithm 2. Afterward, they are divided into a
set of subgroups {G1,G2, . . . ,Gk} by Algorithm 3. Note that
the number of subgroups (i.e., k) is unknown a priori. In
the optimization phase, {G1,G2, . . . ,Gk} are optimized by
Algorithm 4. Finally, the optimal solution of the original
BOP is output which consists of the best solutions of all
subgroups. Overall, GO can be considered as a divide-and-
conquer framework. Next, we introduce the grouping phase
and the optimization phase in detail.
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Fig. 1. Feasible region of g(x1, x2). (a) Original feasible region of
g(x1, x2), as shown in Region 1. (b) Feasible region of g(x1, x2) after x1
and x2 are optimized separately, as shown in Region 2.

A. Grouping Phase

As shown in the example in Eq. (3), if we can obtain the re-
lationship between the upper-level solution and the lower-level
optimal solution in Eq. (4), it is easy to identify the interactions
between upper-level and lower-level variables. However, it is
necessary to analyze the mathematical properties of BOPs
for building the analytical form of the lower-level optimal
solution, which is not a trivial task. The reasons are derived
from three aspects:
• The mathematical expressions of the objective function

and constraints of black-box BOPs are not available;
• For some complex practical BOPs, it is difficult to carry

out problem analysis without professional knowledge;
• For building the analytical form of the lower-level optimal

solution, it usually requires strong assumptions on the
mathematical properties of BOPs.

Therefore, it is critical to devise an efficient interaction iden-
tification method for bilevel optimization, which does not
analyze the mathematical properties of BOPs.

For identifying the interaction between two variables,
Omidvar et al. [42] proposed the following proposition:

Proposition 1. Two variables xi and xj are interacting if
there exist x, a1 6= a2, and b1 6= b2 meeting 6

∆f(x)|xj=b1 6= ∆f(x)|xj=b2 (5)

where

∆f(x)|xj=b1 = f(· · · , xi−1, a2, xi+1, · · · , xj−1, b1, xj+1, · · · )
− f(· · · , xi−1, a1, xi+1, · · · , xj−1, b1, xj+1, · · · )

∆f(x)|xj=b2 = f(· · · , xi−1, a2, xi+1, · · · , xj−1, b2, xj+1, · · · )
− f(· · · , xi−1, a1, xi+1, · · · , xj−1, b2, xj+1, · · · )

and f(·) is the objective function.

However, Omidvar et al. [42] did not consider the inter-
actions caused by constraints. In fact, if two variables are
interacting with respect to constraints, they cannot be opti-
mized separately, even if they are not interacting with respect
to the objective function. One may argue that by replacing the

6As stated in [43], due to the limited precision of floating-point numbers,
this check is not practical on computing devices. Therefore, it is converted to∣∣∆f(x)|xj=b1 −∆f(x)|xj=b2

∣∣ > ε, where ε is a small value.
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Algorithm 2 Identifying the Interaction between Variables xi
and xj

1: Let xmin = {xmin
1 , . . . , xmin

n } denote the lower bound of the
solution and xmax = {xmax

1 , . . . , xmax
n } denote the upper bound

of the solution;
2: a1 = xmin

i and b1 = xmin
j ;

3: a2 = xmin
i + rand ∗ (xmax

i − xmin
i ) and b2 = xmin

j +
rand ∗ (xmax

j − xmin
j ); // rand is a random number uniformly

distributed over (0, 1]
4: If Eq. (5) in Proposition 1 or Eq. (6) in Proposition 2 is satisfied,

then xi and xj are interacting.

objective function with constraints, Proposition 1 can be used
to identify the interactions caused by constraints. However, it
still has some limitations. Taking g(x1, x2) = x1 + x2 ≤ 0
as an example, it is clear that x1 and x2 are non-interacting
according to Proposition 1. Thus, g(x1, x2) = x1 + x2 ≤ 0
can be decomposed into two subconstraints: g1 = x1 − 1 ≤ 0
and g2 = −1 + x2 ≤ 0, where g1 = x1 − 1 ≤ 0 is
generated by fixing the value of x2 (e.g., let x2 = −1) and
g2 = −1+x2 ≤ 0 is generated by fixing the value of x1 (e.g.,
let x1 = −1). However, by doing this, the feasible region of
g(x1, x2) changes from region 1 in Fig. 1(a) to region 2 in Fig.
1(b), which may result in the change of the optimal solution.
Therefore, Proposition 1 may fail to identify the interactions
caused by constraints.

In this paper, if two variables are involved in the same
constraint, they are considered to be interacting. In other
words, two variables interact with each other if altering the
value of either of them will cause the value of the same
constraint to change. Thus, we give the following proposition:

Proposition 2. Two variables xi and xj are interacting if
there exist x, a1 6= a2, and b1 6= b2 meeting

q∑
m=1

(
∣∣∆gm(x)|xi=a1

∣∣ ∗ ∣∣∆gm(x)|xj=b1

∣∣) 6= 0 (6)

where
∆gm(x)|xi=a1

=gm(· · · , xi−1, a1, xi+1, · · · , xj−1, b1, xj+1, · · · )
− gm(· · · , xi−1, a1, xi+1, · · · , xj−1, b2, xj+1, · · · )

∆gm(x)|xj=b1

=gm(· · · , xi−1, a1, xi+1, . . . , xj−1, b1, xj+1, · · · )
− gm(· · · , xi−1, a2, xi+1, · · · , xj−1, b1, xj+1, · · · )

gm(·) is the mth constraint, and q is the number of constraints.

In Proposition 2, Eq. (6) signifies that altering the value of
xi or xj will result in the change of the value of gm(·).

To sum up, two variables are interacting if Eq. (5) in
Proposition 1 or Eq. (6) in Proposition 2 is satisfied. Since
they are performed based on sampling, Propositions 1 and 2
do not depend on the mathematical properties of optimization
problems. Algorithm 2 gives the process of identifying the
interaction between two variables, where the settings of a1,
a2, b1, and b2 refer to [42] and [43].

Indeed, the interaction between two variables identified by
Algorithm 2 is called the direct interaction. There also exists

1
ux

1
lx

2
ux

(a)

3

ux

2

lx 3

lx

(b)

Fig. 2. Direct and indirect interactions between two variables in bilevel
optimization, where the solid line indicates the direct interaction and the
dashed line indicates the indirect interaction. (a) Indirect interaction caused by
two upper-level variables. (b) Indirect interaction caused by two lower-level
variables.

Algorithm 3 Variable Grouping
1: M(nu+nl)·(nu+nl) = 0; //M(nu+nl)·(nu+nl) is an interaction

matrix with (nu + nl) rows and (nu + nl) columns
2: FEsu = 0; // FEsu is the number of upper-level FEs
3: FEsl = 0; // FEsl is the number of lower-level FEs
4: for i = nu + 1 : nu + nl do
5: // Identify the interactions between the upper-level and lower-

level variables
6: for j = 1 : nu do
7: Identify the interaction between xli−nu and xuj by using the

objective function and constraints at the lower level based
on Algorithm 2;

8: If xli−nu and xuj are interacting, then Mji = 1; // Mji

denotes the element in the jth row and the ith column of
M(nu+nl)·(nu+nl)

9: end for
10: // Identify the interactions among the lower-level variables
11: for j = nu + 1 : nu + i− 1 do
12: Identify the interaction between xli−nu and xlj−nu by using

the objective function and constraints at the lower level
based on Algorithm 2;

13: If xli−nu and xlj−nu are interacting, then Mji = 1;
14: end for
15: end for
16: // Identify the interactions among the upper-level variables
17: for i = 1 : nu do
18: for j = 1 : i− 1 do
19: Identify the interaction between xui and xuj by using the

objective function and constraints at the upper level based
on Algorithm 2;

20: If xui and xuj are interacting, then Mji = 1;
21: end for
22: end for
23: Update FEsu and FEsl;
24: Divide the upper-level and lower-level variables into a set of

subgroups {G1,G2, . . . ,Gk} based on the maximum connected
subgraphs of M(nu+nl)·(nu+nl);

25: Categorize G1,G2, . . . ,Gk into three types (types I-III).

the indirect interaction between two variables [44]. Next, we
will explain the indirect interaction in bilevel optimization. As
shown in Fig. 2(a), both xu2 and xl1 interact with xu1 ; therefore,
xu2 and xl1 are considered to be indirectly interacting. The
reason is that the change of the value of xu2 has an indirect
effect on the optimization of xl1. This indirect interaction is
caused by the interaction between two upper-level variables.
Similarly, in Fig. 2(b), xu3 and xl3 are considered to be indirect-
ly interacting, which is caused by the interaction between two
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Algorithm 4 Optimization of Subgroups
1: Randomly generate a context vector c and k initial populations
{P0

1 ,P0
2 , . . . ,P0

k}; // P0
i (i ∈ {1, 2, . . . , k}) represents the

initial population of Gi
2: t = 0; // t is the generation number;
3: s = [s1, . . . , sk] = 0; // si = 0 (i ∈ {1, 2, . . . , k}) indicates that

the optimization of Gi does not terminate; otherwise, si = 1
4: m = [m1, . . . ,mk] = 0; // mi = 1 (i ∈ {1, 2, . . . , k}) indicates

that Gi is a type-II subgroup and has multiple optima; otherwise,
mi = 0

5: while at least one element in s is equal to 0 do
6: for i = 1 : k do
7: if si == 0 then
8: if Gi is a type-I subgroup then
9: Implement Algorithm 5;

10: else if Gi is a type-II subgroup then
11: Implement Algorithm 6;
12: else if Gi is a type-III subgroup then
13: Implement a BLEA to produce Pt+1

i and update si;
14: end if
15: end if
16: end for
17: t = t+ 1;
18: end while
19: Output the best solution of each subgroup

lower-level variables. Overall, the indirect interaction occurs
due to the interactions among the upper-level variables or
the interactions among the lower-level variables. Therefore,
we should implement the following three steps based on
Algorithm 2:
• Identify the interactions between the upper-level and

lower-level variables;
• Identify the interactions among the lower-level variables;
• Identify the interactions among the upper-level variables.
Afterward, according to the maximum connected subgraphs

[44], the upper-level and lower-level variables are divided into
a set of subgroups: {G1,G2, . . . ,Gk}, where k is the number of
subgroups. Two variables, which directly and indirectly inter-
act with each other, are in the same subgroup. {G1,G2, . . . ,Gk}
can be categorized into the following three types:
• Type-I subgroups, which contain only upper-level vari-

ables;
• Type-II subgroups, which contain only lower-level vari-

ables;
• Type-III subgroups, which contain both upper-level and

lower-level variables.
Algorithm 3 presents the procedure of variable grouping.

B. Optimization Phase

In the optimization phase, we first randomly generate a
context vector c and k initial populations {P0

1 ,P0
2 , . . . ,P0

k},
where P0

i (i ∈ {1, 2, . . . , k}) represents the initial popu-
lation of Gi. Afterward, the generation number t is set to
0, and both s = [s1, . . . , sk] and m = [m1, . . . ,mk] are
initialized to 0. si = 0 (i ∈ {1, 2, . . . , k}) indicates that the
optimization of Gi does not terminate; otherwise, si = 1.
mi = 1 (i ∈ {1, 2, . . . , k}) indicates that Gi is a type-II
subgroup and has multiple optima; otherwise, mi = 0. Then,

Algorithm 5 Optimization of Type-I Subgroups
1: if |Gi| is equal to 1 then
2: Randomly generate population St

i ;
3: Perform the the multi-start SQP on each individual in St

j to
generate an offspring population Ot

i ;
4: else
5: Perform the evolutionary operators on Pt

i to generate Ot
i ;

6: end if
7: Complement individuals in Ot

i to be complete solutions by using
the context vector c;

8: Compute the objective function values and degree of constraint
violation of Ot

i at the upper level;
9: Update FEsu;

10: Execute the feasibility rule on the union of Pt
i and Ot

i to obtain
Pt+1

i ;
11: if the maximum number of FEs is reached or the population has

converged then
12: si = 1;
13: end if
14: Return Pt+1

i and si

{G1,G2, . . . ,Gk} are optimized separately in a round-robin
fashion until the optimization of all subgroups terminates.
Algorithm 4 describes the optimization of subgroups. In the
following, the optimization of type-I, type-II, and type-III
subgroups is introduced, respectively.

1) Optimization of Type-I Subgroups: Type-I subgroups are
optimized by the single-level optimization algorithm, as they
only involve upper-level variables. In addition, since type-I
subgroups may only include one variable, using an EA as the
optimizer will waste a lot of FEs [45]. In this case, SQP is
employed. However, the performance of SQP depends heavily
on the start point and an inappropriate start point may lead
to performance degradation. To this end, we develop a multi-
start SQP, in which a group of start points, rather than one
start point, are used. As for type-I subgroups which include
multiple variables, we adopt a single-level EA as the optimizer.

The optimization of type-I subgroups is described in Algori-
thm 5. If the number of variables in Gi, denoted as |Gi|, is
equal to 1, we first randomly generate population Sti as the
start point set, whose size is the same as Pti . Then, SQP is
performed on each individual in Sti to generate an offspring
population Oti . In contrast, if |Gi| is greater than 1, Oti is
generated by implementing the evolutionary operators on Pti .
Afterward, we complement individuals in Oti by using the
context vector c and compute the objective function value
and degree of constraint violation of each individual at the
upper level. Subsequently, the selection operator is executed
on the union of Pti and Oti to obtain Pt+1

i for the next
generation based on the commonly used feasibility rule [46].
The optimization of Gi terminates (i.e., si = 1) until the
stopping criteria are met (i.e., the maximum number of FEs
is reached or the population has converged).

2) Optimization of Type-II Subgroups: Like type-I sub-
groups, type-II subgroups also contain only single-level vari-
ables, i.e., lower-level variables. As a result, they are also
solved by the the multi-start SQP and a single-level EA. Note,
however, that type-II subgroups may have multiple optima,
which results in an upper-level solution having multiple diff-
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Algorithm 6 Optimization of Type-II Subgroups
1: if |Gi| is equal to 1 then
2: Randomly generate population St

i ;
3: Perform the the multi-start SQP on each individual in St

i to
generate an offspring population Ot

i ;
4: else
5: Perform the evolutionary operators on Pt

i to generate Ot
i ;

6: end if
7: Complement individuals in Ot

i to be complete solutions by using
the context vector c;

8: if mi == 0 then
9: Compute the objective function values and degree of constraint

violation of Ot
i at the lower level;

10: else
11: Compute the objective function values and degree of constraint

violation of Ot
i based on Eqs. (10) and (11);

12: end if
13: Update FEsu and FEsl;
14: Execute the feasibility rule on the union of Pt

i and Ot
i to obtain

Pt+1
i

15: if mi == 0 and Eq. (7) is satisfied then
16: mi = 1;
17: Recompute the objective function values and degree of con-

straint violation of Pt+1
i based on Eqs. (10) and (11);

18: end if
19: if the maximum number of FEs is reached or the population has

converged then
20: si = 1;
21: end if
22: Return Pt+1

i , si, and mi

erent objective function values and/or degree of constraint
violation. As in [24], [38] and [47], among these optima, one
of the optimal solutions that makes the upper-level optimiza-
tion problem perform best is selected in this paper, which is
called the optimistic solution. However, in order to reach the
optimistic solution, there are two issues:
• How to judge whether the subgroup has multiple optima?
• How to locate the optimistic solution if multiple optima

exist?
Considering the first issue, we devise a judgment criterion,

in which the subgroup is considered to have multiple optima
if

ave(std(norm1(Pi)))) > θ1 ∧ std(norm2(f l(Pi))) < θ2 (7)

where nli denotes the number of lower-level variables in Gi;
norm1(Pi) and norm2(f l(Pi)) represent the normalization of
the variable values and lower-level objective function values
of Pi, respectively; ave(std(norm1(Pi)))) represents the ave-
rage standard deviation of all dimensions of normalized Pi;
std(norm2(f l(Pi))) represents the standard deviation of the
normalized lower-level objective function values of Pi; and
θ1 and θ2 are two parameters.

In terms of norm1, the dth variable value of the jth
individual in Pi at the lower level is normalized as

xl
′

j,d =
xlj,d − x

l,min
d

xl,maxd − xl,mind

(8)

where xl,maxd and xl,mind represent the upper and lower bounds
of the dth variable at the lower level, respectively.

In terms of norm2, since the maximum lower-level objective
function value in the search space is not easy to obtain, the
log transformation [48] is adopted. The lower-level objective
function value of the jth individual in Pi is normalized as

f l
′

j = log10
(
f lj −min(f l(Pi)) + φ

)
(9)

where min(f l(Pi)) represents the recorded minimum lower-
level objective function value of Pi during the evolution and
φ is a small positive value (e.g., 1e− 6).

The main idea behind the judgment criterion in Eq. (7) is
the following: if the difference of all individuals is larger than
θ1 in the decision space and smaller than θ2 in the objective
space, we consider that the subgroup has multiple optima.

In order to address the second issue, we design the following
aggregation functions as new objective function and degree of
constraint violation:

f ′(xl) = norm2(f l(xl)) + norm2(fu(xl)) (10)

cv′(xl) = norm2(cvl(xl)) + norm2(cvu(xl)) (11)

where the log transformation is employed.
In Eqs. (10) and (11), since the information of the upper-

level optimization problem is taken into account, the optimistic
solution can be distinguished from all optima according to the
definition of the optimistic solution.

The optimization of type-II subgroups is presented in
Algorithm 6. It is similar to the optimization of type-I
subgroups except for two modifications:

• The judgment criterion in Eq. (7) is adopted to judge
whether the subgroup has multiple optima in line 15 of
Algorithm 6.

• The aggregation functions in Eqs. (10) and (11) are used
to evaluate the objective function values and degree of
constraint violation of Otj if multiple optima exist, as
shown in lines 11 and 17 of Algorithm 6.

3) Optimization of Type-III Subgroups: Since type-III sub-
groups contain both upper-level and lower-level variables, the
single-level optimization algorithm is no longer applicable and
the bilevel optimization algorithm is required. In this paper,
we directly use the existing nested structure-based BLEA.
Although we mention that the nested structure-based BLEA
may suffer from severe computational burdens in large-scale
BOPs, this issue has been eased in this paper due to the fact
that each subgroup contains few variables.

Remark 1: The relationships between both levels have been
studied in some papers, such as [24] and [49]. In [24], the
initial distribution of the lower-level CMA-ES is generated
by the marginal distribution of the upper-level CMA-ES,
thus reducing the number of lower-level FEs. In [49], initial
lower-level solutions are chosen according to the distances
among upper-level solutions. This paper is different from [24]
and [49] by taking the interactions between upper-level and
lower-level variables into account. Under this condition, we
can implement variable grouping in GO while [24] and [49]
cannot.
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III. EXPERIMENTAL STUDIES

This section introduces the experimental studies for inves-
tigating the performance of GO. First, we briefly describe the
test problems and performance metrics. Then, five BLEAs
for comparison are introduced. Subsequently, the parameter
settings are presented. Finally, we give the results and discus-
sions.

A. Test Problems and Performance Metrics

To evaluate the performance of different algorithms, a well-
known scalable test suite, i.e., SMD [22], was employed,
which consists of 12 problems and can be scaled to any
number of variables. In our experiments, for each prob-
lem, three instances were considered: (10+10), (25+25), and
(50+50) variables. According to [22], SMD has a variety of
characteristics, such as linearity, convexity, disconnectedness,
and multi-modality. Moreover, some problems in SMD have
strong conflicts between both levels. These characteristics can
test the multi-facet capabilities of BLEAs.

In this paper, three performance metrics were selected to
evaluate the performance of the compared algorithms: the
average normalized accuracy, the average number of FEs, and
the average acceleration rate.
• In terms of the accuracy, we respectively calculated the

absolute differences between the best objective function
values provided by a BLEA and the true optimal objective
function values at both levels, which are expressed as

Accu =
∣∣fu′ − fu∗ ∣∣ (12)

and
Accl =

∣∣f l′ − f l∗ ∣∣ (13)

where fu
′

and f l
′

are the best objective function values
provided by a BLEA at both levels; and fu

∗
and f l

∗

are the true optimal objective function values at both
levels. The true optimal objective function values of
SMD are reported in [22]. It is worth noting that it
is inappropriate to investigate the performance of an
algorithm at each level separately [24]. For example, a
good lower-level solution may lead to a bad upper-level
solution. In contrast, a good upper-level solution may be
accompanied by a bad lower-level solution. As a result,
the accuracies at both levels should be considered at the
same time. However, due to the different magnitudes of
the accuracies at both levels, we respectively normalized
them as follows:

Accu
′

=
Accu −Accu,min

Accu,max −Accu,min
(14)

and

Accl
′

=
Accl −Accl,min

Accl,max −Accl,min
(15)

where Accu,max and Accu,min represent the maximum
and minimum accuracies obtained by the compared al-
gorithms at the upper level on an instance over 30
runs, respectively; and Accl,max and Accl,min represent
the maximum and minimum accuracies obtained by the

TABLE II
SETTING OF THE POPULATION SIZE

Algorithm Upper Level Lower Level
NBLEA 100 100

GO-NBLEA min{10 ∗ nu
j , 100} min{10 ∗ nl

j , 100}
BIDE 30 30

GO-BIDE min{10 ∗ nu
j , 30} min{10 ∗ nl

j , 30}
BLEAQ 50 50

GO-BLEAQ min{10 ∗ nu
j , 50} min{10 ∗ nl

j , 50}
BLMA 50 50

GO-BLMA min{10 ∗ nu
j , 50} min{10 ∗ nl

j , 50}
BL-CMA-ES 4 + 3bln(nu + nl)c 4 + 3bln(nl)c

GO-BL-CMA-ES 4 + 3bln(nu
j + nl

j)c 4 + 3bln(nl
j)c

compared algorithms at the lower level on an instance
over 30 runs, respectively. Finally, the first performance
metric is the sum of the average normalized accuracies
over 30 runs: average(Accu

′
) + average(Accl

′
).

• Due to the nested structure, it is difficult to terminate all
algorithms under the same number of FEs. Therefore, the
numbers of FEs at both levels were also recorded, denoted
as FEsu and FEsl. Similarly, the second performance
metric is the sum of the average numbers of FEs at both
levels over 30 runs: average(FEsu) + average(FEsl).

• The acceleration rate of algorithm B against algorithm A
is calculated

ARij =
(AFEsuAij +AFEslAij)− (AFEsuBij +AFEslBij)

AFEsuAij +AFEslAij
(16)

where AFEsuAij and AFEslAij denote the average
FEsu and FEsl of algorithm A on the jth instance of the
ith problem, respectively; and AFEsuB,i and AFEslB,i
denote the average FEsu and FEsl of algorithm B on
the jth instance of the ith problem, respectively. The third
performance metric is 1

36

∑12
i=1

∑3
j=1ARij .

B. Algorithms for Comparison

The following five BLEAs using different EA paradigms
were under our consideration for performance comparison.
• NBLEA [22]: NBLEA utilizes two identical steady-state

single-objective GA to solve the upper-level and lower-
level optimization problems.

• BIDE [21]: BIDE adopts DE as the search engine at each
level.

• BLEAQ [25]: BLEAQ uses a steady-state GA at the
upper level and combines a steady-state GA with an
approximate model at the lower level.

• BLMA [23]: BLMA combines DE with a local search
strategy at both levels.

• BL-CMA-ES [24]: BL-CMA-ES employs two identical
CMA-ES to solve the upper-level and lower-level opti-
mization problems.

In this paper, we embedded these five BLEAs into GO and
their names were modified by adding “GO-”. For example, the
variant of NBLEA in GO was called GO-NBLEA. Note that,
the variant of a BLEA in GO employed the the multi-start SQP
and the single-level EA used in the original BLEA to optimize
type-I and type-II subgroups, while type-III subgroups were
directly optimized by the original BLEA.
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TABLE III
SETTING OF THE NUMBER OF FES

nu + nl MaxFEsu MaxFEsl TotalFEsl

10 + 10 5.00e+ 3 5.00e+ 2 2.50e+ 6
25 + 25 8.00e+ 3 7.00e+ 2 5.60e+ 6
50 + 50 1.20e+ 4 1.00e+ 3 1.20e+ 7

0 0.2 0.4 0.6 0.8 1
0

Fig. 3. Relationship between nu
j and LastFEs.

C. Parameter Settings

Table II lists the detailed settings of the population size in
different algorithms, where nuj and nlj represent the number
of upper-level and lower-level variables in subgroup j, respec-
tively. Due to the different numbers of variables, the subgroups
have varied computational complexities; thus, different settings
of the population size were employed for the subgroups in GO,
which are related to the number of variables. In addition, the
number of start points in the multi-start SQP was set to 7.

As introduced in Section II-B, if the maximum number
of FEs is reached or the population has converged, the op-
timization of subgroups was terminated. The optimization of
type-I subgroups stopped if the number of upper-level FEs
exceeded MaxFEsu. The optimization of type-II and type-III
subgroups stopped if the number of upper-level FEs exceeded
MaxFEsu or the total number of lower-level FEs exceeded
TotalFEsl. In addition, the lower-level optimization of type-
III subgroups stopped for a given upper-level solution if the
number of lower-level FEs exceeded MaxFEsl. The settings
of the number of FEs are summarized in Table III. The
population was considered to have converged if the average
standard deviation of all dimensions of the population in the
decision space was less than 1e − 4 or the change range of
the best objective function value during a certain number of
FEs (denoted as LastFEs) was less than 1e−6. Specifically,
for multi-SQP, LastFEs was set to the number of the start
points. For EAs, in the optimization of type-I subgroups and
the upper-level optimization of type-III subgroups, LastFEs
was set to

LastFEs = α ∗ (
nuj
nu

) ∗ exp(−
nuj
nu

) ∗MaxFEsu (17)

and in the optimization of type-II subgroups and the lower
level optimization of type-III subgroups, LastFEs was set to

LastFEs = α ∗ (
nlj
nl

) ∗ exp(−
nlj
nl

) ∗MaxFEsl (18)

where α is a constant scaling parameter. In this paper, α was
set to 0.5.

The reasons for designing the functions in Eqs. (17) and (18)
are twofold. First, as the number of variables increases, finding

a better solution requires more number of FEs. Therefore,
in order to avoid the misjudging that the population has
converged, LastFEs increases with the increase of nuj or
nlj . Second, to prevent from consuming too many FEs, the
increase velocity of LastFEs becomes slower as the number
of variables increases. Fig. 3 shows the relationship between
nuj and LastFEs.

In addition, ε was set to 1e − 4, and θ1 and θ2 were
set to 1.6e − 3 and 1.2, respectively. Each algorithm was
independently run 30 times for each instance of each problem.
All the experiments were implemented in MATLAB and tested
on a personal computer with Intel Core i7-7500 CPU @2.70
GHz and 8 GB of RAM. To test the statistical significance
between two algorithms, the Wilcoxon’s rank-sum test at a
0.05 significance level was conducted. The other parameter
settings of BLEAs in GO were consistent with their original
papers [21]–[25].

D. Comparison with NBLEA, BIDE, BLEAQ, BLMA, and BL-
CMA-ES

Tables S-I–S-V in the supplementary file present the results
of NBLEA and GO-NBLEA, BIDE and GO-BIDE, BLEAQ
and GO-BLEAQ, BLMA and GO-BLMA, and BL-CMA-
ES and GO-BL-CMA-ES regarding the average normalized
accuracy and the average number of FEs over 30 runs on
SMD, respectively. Note that, since the construction cost of
the approximate model in BLEAQ increases significantly with
the increase of the scale of BOPs, we only compared the
performance of BLEAQ and GO-BLEAQ on the (10+10)-
variable SMD. The better results in terms of the average
normalized accuracy and the average number of FEs for
each instance of each problem are highlighted with a gray
background. The statistical test results between the original
algorithms and their variants are summarized at the bottom
of Tables S-I–S-V, where “+”, “≈”, and “−” represent that
a variant performs significantly better than, equivalent to, and
worse than its original algorithm, respectively. In addition, the
average acceleration rate is also reported in Tables S-I–S-V.

From Tables S-I–S-V, GO-NBLEA, GO-BIDE, GO-
BLEAQ, GO-BLMA, and GO-BL-CMA-ES show better per-
formance than their original algorithms in terms of both the
average normalized accuracy and the average number of FEs
on SMD1–SMD8 and SMD11. It is worth noting that, on most
of these instances, the variants can reduce the number of FEs
by one to two orders of magnitude compared with the original
algorithms. Moreover, GO-NBLEA, GO-BIDE, GO-BLEAQ,
GO-BLMA, and GO-BL-CMA-ES are statistically better than
their original algorithms on SMD1–SMD8 and SMD11. For
SMD9, neither each original algorithm nor its variant can
provide advantages in both the average normalized accuracy
and the average number of FEs except that BIDE is superior
to GO-BIDE on (25+25)-variable instance and GO-BL-CMA-
ES is better than BL-CMA-ES on (10+10)-variable instance.
However, according to the statistical test, there is actually
no significant difference between each original algorithm
and its variant on SMD9. Similarly, with respect to SMD10
and SMD12, each original algorithm and its variant cannot
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Fig. 4. Wilcoxon’s rank-sum test between the original algorithms (i.e.,
NBLEA, BIDE, BLEAQ, BLMA, and BL-CMA-ES) and their variants in GO
(i.e., GO-NBLEA, GO-BIDE, GO-BLEAQ, GO-BLMA, and GO-BL-CMA-
ES) in terms of the average normalized accuracy and the average number of
FEs. (a) Average normalized accuracy. (b) Average number of FEs.
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Fig. 5. Average running time of BL-CMA-ES and GO-BL-CMA-ES on
(10+10)-variable SMD.

dominate each other on both the average normalized accuracy
and the average number of FEs except that GO-NLBEA is
better than NBLEA on (10+10)-variable SMD10, GO-BIDE
has an edge over BIDE on (50+50)-variable SMD12, and GO-
BLEAQ beats BLEAQ on (10+10)-variable SMD10. It can
be observed that GO-NBLEA, GO-BIDE, GO-BLEAQ, GO-
BLMA, and GO-BL-CMA-ES require fewer FEs on SMD12.

As shown in Fig. 4, according to the statistical test, in terms
of the average normalized accuracy, GO-NBLEA, GO-BIDE,
GO-BLEAQ, GO-BLMA, and GO-BL-CMA-ES outperform
their original algorithms on 27, 30, 10, 27, and 27 instances,
respectively, while lose on five, two, one, five, and three
instances, respectively. In terms of the average number of
FEs, GO-NBLEA, GO-BIDE, GO-BLEAQ, GO-BLMA, and
GO-BL-CMA-ES perform better than their original algorithms

on 33, 30, 11, 32, and 32 instances, respectively, while
perform worse on zero, three, zero, zero, and zero instance,
respectively. Therefore, we can conclude that, overall, GO
is able to improve the convergence accuracy of BLEAs and
reduce the number of FEs. Moreover, GO has the capability
to reduce 72.89%, 56.95%, 69.95%, 66.50%, and 71.91%
FEs for NBLEA, BIDE, BLEAQ, BLMA, and BL-CMA-ES,
respectively.

Further, we would like to give the following comments:

• For SMD1–SMD8 and SMD11, GO breaks their vari-
ables into many small-scale subgroups. For example,
the variables in SMD1 are divided into several one-
dimensional type-I and type-II subgroups, and several
two-dimensional type-III subgroups. The variables in
SMD8 are divided into a multi-dimensional type-I sub-
group, a multi-dimensional type-II subgroup, and several
two-dimensional type-III subgroups. As for SMD11, its
variables are divided into several one-dimensional type-I
and type-II subgroups, and a multi-dimensional type-III
subgroup. Compared with the original problems, these
small-scale subgroups are easier to solve due to the small
search space; thus, GO shows excellent performance
on these problems. In addition, some problems (e.g.,
SMD2, SMD4–SMD8, and SMD11) have strong conflicts
between both levels. The conflict is generally caused by a
part of variables, and the changes in their values will lead
to a positive effect at one level and a negative effect on
the other level. In GO, the variables are divided into a set
of subgroups. Under this condition, the conflict between
both levels only affects the optimization of the type-
III subgroups containing such variables; thus, GO can
improve the performance of BLEAs on these problems.

• Regarding SMD9, all variables are interacting with each
other. Under this condition, GO has to treat them as
a whole group and, therefore, there is no significant
difference between the original algorithm and its variant
in terms of the average normalized accuracy. It is worth
noting that GO still takes a certain number of FEs for
variable grouping in the grouping phase. However, the
number of FEs in the grouping phase is much smaller
than that in the optimization phase. Thus, the performance
difference between the original algorithm and its variant
is also not significant in terms of the number of FEs.

• For SMD10 and SMD12, most variables are interacting
due to the presence of constraints, resulting in only two
subgroups. Although the dimension of the search space
has been reduced, the search space of each subgroup in
large-scale BOPs is still large. Therefore, GO can only
improve the performance of BLEAs on a small number
of instances.

In addition, we recorded the average running time of GO-
BL-CMA-ES and BL-CMA-ES on (10+10)-variable SMD
over 30 runs in Fig. 5. It is clear that GO-BL-CMA-ES is faster
than its competitor except for SMD9, in which all variables
are interacting with each other as mentioned before. Therefore,
GO is capable of improving the efficiency of BLEAs on
problems containing non-interacting variables.
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TABLE IV
PERFORMANCE COMPARISON BETWEEN BL-CMA-ES AND GO-BL-CMA-ES REGARDING THE AVERAGE NORMALIZED ACCURACY AND THE

AVERAGE NUMBER OF FES ON (100+100)-VARIABLE SMD.

nu + nl Problem

BL-CMA-ES GO-BL-CMA-ES

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

100 + 100

SMD1 8.04e− 1 + 8.13e− 1 + 1.25e+ 4 + 1.49e+ 7 + 4.80e− 3 + 5.49e− 3 1.91e+ 4 + 1.78e+ 5
SMD2 7.10e− 1 + 6.83e− 1 + 1.37e+ 4 + 1.69e+ 7 + 5.80e− 3 + 9.59e− 3 1.87e+ 3 + 1.69e+ 5
SMD3 7.01e− 1 + 9.06e− 1 + 1.34e+ 4 + 1.38e+ 7 + 3.66e− 4 + 2.43e− 3 1.99e+ 4 + 1.93e+ 5
SMD4 5.44e− 1 + 9.46e− 1 + 1.34e+ 4 + 1.39e+ 7 + 5.82e− 3 + 3.53e− 3 1.83e+ 3 + 1.86e+ 5
SMD5 8.32e− 1 + 6.22e− 1 + 3.00e+ 4 + 3.88e+ 7 + 2.42e− 3 + 1.66e− 3 2.38e+ 3 + 2.34e+ 5
SMD6 6.71e− 1 + 8.55e− 1 + 1.57e+ 4 + 2.19e+ 7 + 7.30e− 6 + 1.18e− 4 1.92e+ 4 + 1.80e+ 5
SMD7 9.62e− 1 + 7.57e− 1 + 3.00e+ 4 + 4.41e+ 7 + 1.51e− 7 + 2.81e− 8 2.59e+ 4 + 1.72e+ 5
SMD8 9.86e− 1 + 9.69e− 1 + 3.00e+ 4 + 3.84e+ 7 + 1.70e− 2 + 7.56e− 3 2.64e+ 4 + 2.44e+ 5
SMD9 5.28e− 1 + 4.54e− 1 ≈ 3.00e+ 4 + 2.90e+ 7 ≈ 2.71e− 1 + 7.10e− 1 3.00e+ 4 + 2.36e+ 7

SMD10 6.30e− 2 + 5.18e− 1 ≈ 3.00e+ 4 + 1.47e+ 7 ≈ 2.11e− 1 + 5.00e− 1 3.00e+ 4 + 1.45e+ 7
SMD11 8.73e− 1 + 8.73e− 1 + 3.00e+ 4 + 1.88e+ 7 + 6.49e− 4 + 8.50e− 10 3.00e+ 4 + 1.01e+ 7
SMD12 2.91e− 2 + 5.71e− 2 − 3.00e+ 4 + 1.49e+ 7 + 7.15e− 1 + 9.20e− 1 3.00e+ 4 + 1.23e+ 7

+/ ≈ /− 9/2/1 10/2/0
Average Acceleration Rate 72.97%

E. Scalability of GO

To test the scalability of GO, we extended the problems to
(100+100) variables and compared the performance of BL-
CMA-ES and GO-BL-CMA-ES. The settings of the number
of FEs are summarized as follows: MaxFEsu = 3.00e + 4,
MaxFEsl = 1.50e+ 3, and TotalFEsl = 4.50e+ 7. Table
IV shows the results of BL-CMA-ES and GO-BL-CMA-ES
regarding the average normalized accuracy and the average
number of FEs on (100+100)-variable SMD. It can be seen
that GO-BL-CMA-ES provides better performance than BL-
CMA-ES in terms of both the average normalized accuracy
and the average number of FEs on SMD1–SMD9 and SMD11.
As for SMD10 and SMD12, GO-BL-CMA-ES is worse than
BL-CMA-ES in terms of the average normalized accuracy,
whereas it is better than BL-CMA-ES in terms of the average
number of FEs. According to the Wilcoxon’s rank-sum test,
GO-BL-CMA-ES outperforms BL-CMA-ES on nine and 10
instances in terms of the average normalized accuracy and the
average number of FEs, respectively, while loses on one and
zero instance, respectively. Besides, GO can reduce 72.97%
FEs for BL-CMA-ES on (100+100)-variable SMD. The above
experiments suggest that GO is still effective on larger-scale
BOPs, which demonstrates the scalability of GO.

Remark 2: In the supplementary file, we also investigated
the effect of the number of start points of the multi-start SQP,
the effectiveness of the judgment criterion and the aggregation
functions in the optimization of type-II subgroups, the group-
ing accuracy of the grouping phase, and the effectiveness of
the multi-start SQP and the grouping phase.

IV. CASE STUDY: RESOURCE PRICING IN MEC

We consider a MEC system involving a MEC server man-
aged by the MEC service provider (MSP) and a set of n
mobile users denoted as N = {1, . . . , n}. Each mobile user
has a delay-sensitive task to be executed. However, due to the
computing capacity limitation of mobile devices, mobile users
need to purchase computation resources from the MSP and
then offload a part of their tasks to the MEC server for task
execution.

1) System Model: We denote the task of mobile user
i as Mi, which can be defined by a 3-tuple: Mi =

(Di, Xi, T
max
i ),∀i ∈ N , where Di and Xi denote the size of

input data and the computation resources required to process
a single bit in Mi, respectively, and Tmaxi represents the
maximum acceptable latency of Mi. Also, we define vector
o = {o1, o2, . . . , on} (0 ≤ oi ≤ 1, i ∈ N ) as the offloading
ratio. Based on oi, Mi is divided into two parts: MM

i and ML
i ,

which are executed on the MEC server and the local mobile
device, respectively. The size of the input data of MM

i and
ML
i is oiDi and (1− oi)Di, respectively.
In terms of MM

i , it is first uploaded to the MEC server and
then computed. The data rate of MM

i is given as

Ri = Blog2

(
1 +

pid
−α
i

σ2 +
∑
m∈N\i pmd

−α
m

)
, ∀i ∈ N (19)

where B denotes the system bandwidth, pi is the transmission
power of mobile device i 7, di represents the distance between
mobile user i and the MEC server, α is the path loss exponent,
and σ2 is the white Gaussian noise power.

Then, the transmission time of MM
i is given by

TTi =
oiDi

Ri
, ∀i ∈ N (20)

and the computing time of MM
i is given by

TCi =
oiDiXi

rMi
, ∀i ∈ N (21)

where rMi represents the amount of the computation resources
purchased from the MSP. In Eq. (21), we define TCi = 0 for
the case where oi = 0 and rMi = 0.

Thus, the execution time of MM
i can be written as 8

TMi = TTi + TCi =
oiDi

Ri
+
oiDiXi

rMi
, ∀i ∈ N (22)

In terms of ML
i , the execution time is equal to the comput-

ing time, which is given by

TLi =
(1− oi)DiXi

rLi
, ∀i ∈ N (23)

7For the sake of convenience, in this paper, the mobile device of mobile
user i is called mobile device i.

8Because the size of the output data is generally much smaller than that of
the input data, we omit the transmission time and energy consumption of the
output data as in [50]–[52].
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where rLi represents the computation capability of mobile
device i.

To ensure that Mi is completed within [0, Tmaxi ], the
execution time of both MM

i and ML
i cannot be greater than

Tmaxi ; therefore, one can get the following constraints:

0 ≤ TMi ≤ Tmaxi , ∀i ∈ N (24)

and

0 ≤ TLi ≤ Tmaxi , ∀i ∈ N (25)

If Mi can be completed under these two constraints, mobile
user i can obtain the reward 9. Meanwhile, mobile user i
should pay for the computation resources purchased from the
MSP and the energy consumption of mobile device i. The
energy consumption of mobile device i consists of the energy
consumption for transmitting MM

i and computing ML
i , which

are expressed as

ETi = piT
T
i =

pioiDi

Ri
(26)

and

ELi = k(rLi )2(1− oi)DiXi (27)

where k > 0 is the effective capacitance coefficient.
Thus, the total profit of all mobile users can be expressed

as

fMU (o, rM ) =
∑
i∈N

(
θ − vMi rMi − vL

(
ETi + ELi )

))
(28)

where θ represents the reward that a mobile user receives after
completing the task, vM = {vM1 , . . . , vMn } represents the price
set of the computation resources purchased from the MSP,
and vL denotes the price of the energy of the mobile device.
Note that, in this paper, the discriminatory pricing scheme is
considered where different prices of the computation resources
are assigned to different mobile users [56].

Also, the MSP obtains the revenue by selling computation
resources to mobile users but pays for the energy cost. We
assume that the energy cost is related to the total computation
resources for completing the tasks executed on the MEC
server. Therefore, the profit of the MSP is expressed as

fMSP (vM ,o, rM ) =
∑
i∈N

(
vMi r

M
i − vEoiDiXi

)
(29)

where vE denotes the price of energy consumed by the MSP.
2) Problem Formulation: In the MEC system, the MSP

sets the price of computation resources, i.e., vM , with the
aim of maximizing the profit, while the mobile users develop
their strategies (the offloading ratio, i.e., o, and the amount of
computation resources, i.e., rM ), based on the price announced
by the MSP to maximize their total profit. Based on the
behaviors of the MSP and the mobile users, we formulate the

9Mi can be considered as the sensing task in mobile crowdsensing [53],
the data collection task in Internet of things services [54], [55], or the mining
task in mobile blockchain [56].

TABLE V
RESULTS OF SIX ALGORITHMS ON THE RESOURCE PRICING IN MEC

Average Profit
of the MSP

Average number of FEs

Average(FEsu) + Average(FEsl)

NBLEA 7.68e+ 1 7.39e+ 3 + 3.62e+ 6
GO-NBLEA 8.27e+ 1 8.00e+ 3 + 4.28e+ 5

Average Acceleration Rate 87.98%
BIDE 7.05e+ 1 3.78e+ 3 + 2.11e+ 6

GO-BIDE 7.76e+ 1 7.56e+ 3 + 6.76e+ 5
Average Acceleration Rate 67.66%

BL-CMA-ES 7.84e+ 1 8.00e+ 3 + 4.08e+ 6
GO-BL-CMA-ES 8.99e+ 1 8.00e+ 3 + 3.51e+ 5

Average Acceleration Rate 91.22%

resource pricing problem in the MEC system as a BOP, which
is formulated as

P : max
vM ,o,rM

fMSP (vM ,o, rM )

s.t. vMi,min ≤ vMi ≤ vMi,max, i ∈ N
{o, rM} ∈ arg max

o,rM
fMU (o, rM )

s.t. 0 ≤ TMi ≤ Tmaxi , i ∈ N
0 ≤ TLi ≤ Tmaxi , i ∈ N
0 ≤ oi ≤ 1, i ∈ N ,
0 ≤ rM ≤ rMi,max, i ∈ N

(30)

where vM and {o, rM} are the upper-level and lower-level
solutions, respectively; vMi,min and vMi,max denote the lowest
and highest prices of the computation resources sold by the
MSP to mobile user i, respectively; and rMi,min and rMi,max
denote the maximum and minimum amount of computation
resources sold by the MSP to mobile user i, respectively.

3) Parameter Settings: We assumed that 20 mobile users
were randomly distributed in a 1000m×1000m square area and
the MEC server was located in the center of the square area.
Besides, Di was randomly distributed within [1, 10] KB, Xi

was set to 1.8e+ 5 cycles/bit, and Tmaxi was set to 1s. α was
assumed to be 4 and k was assumed to be 10−26. B was set to
20 MHz, pi was set to 0.1 W, and σ2 was set to -174 dBm/Hz.
Also, rLi was set to 1 Gcycles/s, and rMi,min and rMi,max were set
to 0 and 10 Gcycles/s, respectively. θ was set to 100, vL and
vE were set to 10 and 1 per Joule, respectively, and vMi,min
and vMi,max were set to 1 and 20 per Joule, respectively. In
addition, MaxFEsu was set to 8.00e + 3, MaxFEsl was
set to 1.00e+ 3, and TotalFEsl was set to 8.00e+ 6.

4) Experimental Results: In this paper, we compared
NBLEA, BIDE, and BL-CMA-ES with their variants in GO,
respectively. Since the best known solution of the resource
pricing problem in MEC is not available, the accuracy of
the obtained solution cannot be computed. In this case, we
measured the profit of the MSP rather than the accuracy.
Specifically, each algorithm was first independently run 30
times. For a solution {vM ,o, rM} obtained by an algorithm
in one run, since {o, rM} may not be the optimal strategy
corresponding to vM , it may lead to inaccurate evaluation of
the profit of the MSP. To this end, we independently performed
the lower-level optimization 30 times for vM and recorded
the best strategy {o∗, rM ∗} among all runs. Finally, based on
{vM ,o∗, rM ∗}, the profit of the MSP was evaluated.
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Table V gives the average profits of the MSP and the average
numbers of FEs derived from the six algorithms over 30 runs.
In addition, the average acceleration rate is also presented.
From Table V, NBLEA, BIDE, and BL-CMA-ES exhibit poor
average profits of the MSP and average numbers of FEs,
compared with their variants in GO. To be specific, GO-
NBLEA, GO-BIDE, and GO-BL-CMA-ES achieve 7.68%,
10.07%, and 14.67% improvements in the profit of the MSP,
respectively. Also, they reduce 87.98%, 67.66%, and 91.22%
FEs against their original algorithms, respectively. Therefore,
the above experiments show the effectiveness of GO in solving
a real-world BOP.

V. CONCLUSION

In this paper, we found that existing nested-based BLEAs
may waste a large number of lower-level FEs to optimize
the non-interacting lower-level variables when the value(s)
of one/several upper-level variables change(s). Based on this
finding, we proposed a new framework (called GO) to identify
and utilize the interactions between upper-level and lower-
level variables for scalable BOPs. GO consisted of two phases:
the grouping phase and the optimization phase. The grouping
phase divided upper-level and lower-level variables into three
types of subgroups, i.e., types I-III, after identifying their
interactions. In the optimization phase, the multi-start SQP and
a single-level EA were employed to optimize type-I subgroups
containing only upper-level variables and type-II subgroups
containing only lower-level variables. Also, a BLEA was
adopted to optimize type-III subgroups containing both upper-
level and lower-level variables. Besides, after determining that
a type-II subgroup has multiple optima by a criterion, we pro-
posed new objective function and degree of constraint violation
to guide the population toward the optimistic solution. The
performance of GO was tested on a scalable test suite with
up to (100+100) variables by embedding five representative
BLEAs (i.e., NBLEA, BIDE, BLEAQ, BLMA, and BL-CMA-
ES) into it. The results demonstrated the effectiveness of GO.
Finally, GO was successfully applied to a practical case: the
resource pricing in MEC.

Existing papers mainly research on the variable interactions
in unconstrained optimization and rarely focus on the vari-
able interactions caused by constraints. This paper proposes
Proposition 2 to identify the variable interactions caused by
constraints. In Proposition 2, if two variables are involved
in the same constraint, they are considered to be interacting.
However, there may be more effective ways to detect the
variable interactions caused by constraints, which is a part
of our future work. In addition, when dealing with bilevel
combinatorial optimization problems, the main challenge in
GO is that Proposition 1 and Proposition 2 are no longer
applicable. In the future, we will study the interaction detection
methods for bilevel combinatorial optimization and try to
apply GO to large-scale bilevel combinatorial optimization
problems [18], [27]. Extending GO to solve larger-scale BOPs
(e.g., BOPs with more than (100+100) variables) is also one
of our future studies.
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Supplementary File for “A Framework for Scalable
Bilevel Optimization: Identifying and Utilizing the
Interactions between Upper-level and Lower-level

Variables”

S-I. SUPPLEMENTARY RESULTS

TABLE S-I
PERFORMANCE COMPARISON BETWEEN NBLEA AND GO-NBLEA REGARDING THE AVERAGE NORMALIZED ACCURACY AND THE AVERAGE NUMBER

OF FES.

nu + nl Problem

NBLEA GO-NBLEA

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

10 + 10

SMD1 4.92e− 1 + 3.28e− 1 + 5.00e+ 3 + 1.04e+ 6 + 4.44e− 4 + 6.48e− 7 1.71e+ 3 + 6.60e+ 4
SMD2 8.72e− 1 + 6.80e− 1 + 3.97e+ 3 + 1.03e+ 6 + 1.13e− 3 + 1.14e− 3 2.25e+ 3 + 9.68e+ 4
SMD3 4.52e− 1 + 7.35e− 1 + 5.00e+ 3 + 1.08e+ 6 + 1.10e− 4 + 2.00e− 7 1.75e+ 3 + 6.88e+ 4
SMD4 7.57e− 1 + 7.95e− 1 + 4.76e+ 3 + 1.05e+ 6 + 4.12e− 4 + 4.98e− 4 1.69e+ 3 + 7.00e+ 4
SMD5 5.92e− 1 + 6.83e− 1 + 1.38e+ 3 + 4.23e+ 5 + 9.65e− 6 + 2.30e− 5 5.00e+ 3 + 7.96e+ 4
SMD6 7.79e− 1 + 6.33e− 1 + 3.59e+ 3 + 1.04e+ 6 + 2.21e− 3 + 3.40e− 3 2.98e+ 3 + 1.16e+ 5
SMD7 8.35e− 1 + 4.49e− 1 + 1.15e+ 3 + 3.04e+ 5 + 2.43e− 3 + 2.60e− 1 5.00e+ 3 + 1.04e+ 5
SMD8 7.49e− 1 + 7.48e− 1 + 1.09e+ 3 + 3.35e+ 5 + 7.83e− 3 + 9.11e− 3 5.00e+ 3 + 9.74e+ 4
SMD9 5.60e− 1 + 2.66e− 1 ≈ 3.39e+ 3 + 7.47e+ 5 ≈ 4.77e− 1 + 4.99e− 1 2.11e+ 3 + 4.61e+ 5
SMD10 1.54e− 1 + 5.84e− 1 ≈ 5.00e+ 3 + 1.08e+ 6 + 6.10e− 1 + 5.07e− 2 5.00e+ 3 + 4.27e+ 5
SMD11 4.79e− 1 + 7.50e− 1 + 4.99e+ 3 + 1.06e+ 6 + 2.68e− 1 + 6.54e− 3 3.07e+ 3 + 4.78e+ 5
SMD12 7.57e− 2 + 2.14e− 1 − 5.00e+ 3 + 1.03e+ 6 + 6.85e− 1 + 5.22e− 1 5.00e+ 3 + 3.97e+ 5

25 + 25

SMD1 5.85e− 1 + 5.34e− 1 + 8.00e+ 3 + 1.99e+ 6 + 2.00e− 5 + 3.76e− 7 4.41e+ 3 + 1.08e+ 5
SMD2 6.04e− 1 + 8.38e− 1 + 7.86e+ 3 + 2.61e+ 6 + 6.38e− 4 + 7.35e− 4 4.47e+ 3 + 1.14e+ 5
SMD3 6.68e− 1 + 6.92e− 1 + 8.00e+ 3 + 2.09e+ 6 + 2.51e− 5 + 1.17e− 7 4.61e+ 3 + 1.13e+ 5
SMD4 7.08e− 1 + 6.72e− 1 + 8.00e+ 3 + 2.32e+ 6 + 1.13e− 2 + 9.43e− 3 4.36e+ 3 + 1.14e+ 5
SMD5 7.67e− 1 + 7.36e− 1 + 3.14e+ 3 + 1.52e+ 6 + 1.03e− 3 + 9.83e− 4 8.00e+ 3 + 1.12e+ 5
SMD6 6.01e− 1 + 7.09e− 1 + 7.60e+ 3 + 3.46e+ 6 + 3.08e− 2 + 8.73e− 3 6.43e+ 3 + 1.43e+ 5
SMD7 6.01e− 1 + 7.11e− 1 + 2.85e+ 3 + 1.23e+ 6 + 2.87e− 4 + 3.41e− 4 7.15e+ 3 + 1.18e+ 5
SMD8 6.97e− 1 + 6.99e− 1 + 1.90e+ 3 + 8.12e+ 5 + 1.94e− 4 + 9.52e− 4 8.00e+ 3 + 1.31e+ 5
SMD9 5.00e− 1 + 4.92e− 1 ≈ 7.20e+ 3 + 2.03e+ 6 ≈ 6.58e− 1 + 2.99e− 2 7.58e+ 3 + 2.16e+ 6
SMD10 1.22e− 1 + 2.39e− 1 − 8.00e+ 3 + 1.96e+ 6 + 6.00e− 1 + 3.99e− 1 7.93e+ 3 + 9.01e+ 5
SMD11 4.32e− 1 + 4.77e− 1 + 8.00e+ 3 + 2.02e+ 6 + 1.23e− 2 + 2.61e− 3 7.73e+ 3 + 1.74e+ 6
SMD12 1.80e− 1 + 1.25e− 1 − 8.00e+ 3 + 1.94e+ 6 + 6.76e− 1 + 5.28e− 1 8.00e+ 3 + 9.45e+ 5

50 + 50

SMD1 6.07e− 1 + 5.40e− 1 + 1.20e+ 4 + 3.69e+ 6 + 1.74e− 5 + 2.17e− 7 9.76e+ 3 + 1.99e+ 5
SMD2 6.35e− 1 + 8.24e− 1 + 1.20e+ 4 + 5.09e+ 6 + 1.36e− 3 + 3.57e− 3 8.23e+ 3 + 1.60e+ 5
SMD3 7.28e− 1 + 7.54e− 1 + 1.20e+ 4 + 3.87e+ 6 + 3.45e− 5 + 8.33e− 8 9.48e+ 3 + 2.03e+ 5
SMD4 5.91e− 1 + 6.07e− 1 + 1.20e+ 4 + 4.24e+ 6 + 1.34e− 2 + 9.61e− 3 7.29e+ 3 + 1.44e+ 5
SMD5 4.85e− 1 + 5.00e− 1 + 1.03e+ 4 + 7.15e+ 6 + 1.53e− 2 + 1.41e− 2 1.20e+ 4 + 1.67e+ 5
SMD6 1.61e− 1 + 7.64e− 1 + 1.20e+ 4 + 7.14e+ 6 + 3.43e− 1 + 1.14e− 2 1.10e+ 4 + 1.87e+ 5
SMD7 9.02e− 1 + 7.31e− 1 + 7.39e+ 3 + 4.75e+ 6 + 7.77e− 4 + 2.97e− 5 1.20e+ 4 + 1.66e+ 5
SMD8 3.98e− 1 + 3.99e− 1 + 9.07e+ 3 + 6.22e+ 6 + 2.52e− 3 + 2.84e− 3 1.20e+ 4 + 1.57e+ 5
SMD9 6.19e− 1 + 4.73e− 1 ≈ 1.20e+ 4 + 4.78e+ 6 ≈ 5.94e− 1 + 5.66e− 1 1.20e+ 4 + 4.60e+ 6
SMD10 1.66e− 1 + 3.83e− 1 − 1.20e+ 4 + 3.57e+ 6 + 5.91e− 1 + 4.59e− 1 1.20e+ 4 + 1.64e+ 6
SMD11 6.99e− 1 + 7.19e− 1 + 1.20e+ 4 + 3.70e+ 6 + 5.37e− 3 + 8.26e− 4 1.20e+ 4 + 3.43e+ 6
SMD12 2.97e− 1 + 4.09e− 1 − 1.20e+ 4 + 3.55e+ 6 + 7.01e− 1 + 6.53e− 1 1.20e+ 4 + 1.80e+ 6

+/ ≈ /− 27/4/5 33/3/0
Average Acceleration Rate 72.89%
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TABLE S-II
PERFORMANCE COMPARISON BETWEEN BIDE AND GO-BIDE REGARDING THE AVERAGE NORMALIZED ACCURACY AND THE AVERAGE NUMBER OF

FES.

nu + nl Problem

BIDE GO-BIDE

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

10 + 10

SMD1 5.62e− 1 + 5.77e− 1 + 3.29e+ 3 + 1.11e+ 6 + 4.47e− 9 + 3.82e− 9 2.08e+ 3 + 1.29e+ 5
SMD2 7.99e− 1 + 6.08e− 1 + 1.79e+ 3 + 6.49e+ 5 + 5.69e− 3 + 1.53e− 3 2.57e+ 3 + 1.62e+ 5
SMD3 7.63e− 1 + 7.48e− 1 + 3.29e+ 3 + 1.09e+ 6 + 1.09e− 8 + 1.96e− 9 2.18e+ 3 + 1.39e+ 5
SMD4 7.84e− 1 + 8.29e− 1 + 2.00e+ 3 + 7.29e+ 5 + 3.18e− 2 + 2.19e− 2 2.58e+ 3 + 1.67e+ 5
SMD5 6.93e− 1 + 6.00e− 1 + 1.76e+ 3 + 6.20e+ 5 + 4.65e− 3 + 3.28e− 3 5.00e+ 3 + 1.61e+ 5
SMD6 6.13e− 1 + 6.62e− 1 + 2.56e+ 3 + 9.53e+ 5 + 3.97e− 2 + 1.20e− 2 3.51e+ 3 + 1.88e+ 5
SMD7 7.01e− 1 + 2.88e− 1 + 1.94e+ 3 + 7.06e+ 5 + 4.52e− 3 + 2.38e− 3 4.77e+ 3 + 1.64e+ 5
SMD8 6.20e− 1 + 6.28e− 1 + 1.55e+ 3 + 5.43e+ 5 + 1.58e− 3 + 1.56e− 3 5.00e+ 3 + 1.55e+ 5
SMD9 4.86e− 1 + 3.73e− 1 ≈ 2.11e+ 3 + 5.78e+ 5 ≈ 2.76e− 1 + 3.35e− 1 2.19e+ 3 + 5.84e+ 5
SMD10 2.50e− 1 + 3.30e− 1 + 2.16e+ 3 + 7.03e+ 5 − 3.58e− 2 + 2.37e− 2 3.31e+ 3 + 1.18e+ 6
SMD11 3.15e− 1 + 3.88e− 1 + 2.30e+ 3 + 7.89e+ 5 + 4.78e− 3 + 9.95e− 5 2.15e+ 3 + 3.50e+ 5
SMD12 1.05e− 1 + 1.49e− 1 − 3.12e+ 3 + 1.00e+ 6 + 7.09e− 1 + 4.55e− 1 3.00e+ 3 + 5.87e+ 5

25 + 25

SMD1 8.02e− 1 + 7.23e− 1 + 5.91e+ 3 + 2.73e+ 6 + 3.67e− 8 + 2.35e− 8 5.26e+ 3 + 1.97e+ 5
SMD2 9.31e− 1 + 8.72e− 1 + 3.92e+ 3 + 2.21e+ 6 + 4.21e− 3 + 8.10e− 3 4.86e+ 3 + 1.87e+ 5
SMD3 9.04e− 1 + 8.82e− 1 + 6.38e+ 3 + 2.86e+ 6 + 2.15e− 8 + 1.66e− 8 5.09e+ 3 + 2.04e+ 5
SMD4 7.32e− 1 + 7.59e− 1 + 3.76e+ 3 + 2.04e+ 6 + 4.25e− 3 + 2.55e− 3 4.81e+ 3 + 1.91e+ 5
SMD5 9.12e− 1 + 9.07e− 1 + 2.28e+ 3 + 1.15e+ 6 + 3.13e− 3 + 2.82e− 3 8.00e+ 3 + 1.94e+ 5
SMD6 3.70e− 1 + 8.15e− 1 + 4.41e+ 3 + 2.41e+ 6 + 1.38e− 1 + 2.26e− 2 6.67e+ 3 + 1.86e+ 5
SMD7 9.03e− 1 + 5.15e− 1 + 3.22e+ 3 + 1.74e+ 6 + 5.49e− 3 + 8.82e− 3 7.29e+ 3 + 1.59e+ 5
SMD8 6.09e− 1 + 6.11e− 1 + 2.34e+ 3 + 1.17e+ 6 + 5.87e− 3 + 5.80e− 3 8.00e+ 3 + 1.78e+ 5
SMD9 4.15e− 1 + 3.53e− 1 ≈ 5.81e+ 3 + 1.60e+ 6 ≈ 5.81e− 1 + 2.85e− 1 4.31e+ 3 + 1.67e+ 6
SMD10 1.05e− 1 + 1.05e− 1 + 3.14e+ 3 + 1.50e+ 6 − 2.88e− 7 + 2.74e− 7 7.75e+ 3 + 4.21e+ 6
SMD11 6.30e− 1 + 6.91e− 1 + 4.08e+ 3 + 2.22e+ 6 + 3.85e− 3 + 4.09e− 4 3.71e+ 3 + 9.45e+ 5
SMD12 3.37e− 1 + 3.16e− 1 − 3.70e+ 3 + 1.77e+ 6 + 6.98e− 1 + 5.78e− 1 6.19e+ 3 + 1.49e+ 6

50 + 50

SMD1 8.04e− 1 + 7.47e− 1 + 1.04e+ 4 + 7.29e+ 6 + 3.58e− 7 + 3.18e− 7 1.11e+ 4 + 2.57e+ 5
SMD2 6.89e− 1 + 8.50e− 1 + 6.23e+ 3 + 5.48e+ 6 + 6.39e− 3 + 2.69e− 2 9.26e+ 3 + 2.01e+ 5
SMD3 6.68e− 1 + 7.05e− 1 + 9.94e+ 3 + 6.67e+ 6 + 4.01e− 4 + 4.13e− 4 1.12e+ 4 + 2.72e+ 5
SMD4 8.59e− 1 + 8.53e− 1 + 6.93e+ 3 + 6.07e+ 6 + 5.28e− 3 + 2.52e− 3 9.77e+ 3 + 2.22e+ 5
SMD5 7.99e− 1 + 8.20e− 1 + 4.20e+ 3 + 3.27e+ 6 + 8.24e− 3 + 7.83e− 3 1.04e+ 4 + 2.15e+ 5
SMD6 3.26e− 1 + 7.80e− 1 + 6.01e+ 3 + 5.17e+ 6 + 1.32e− 1 + 1.37e− 2 1.19e+ 4 + 1.91e+ 5
SMD7 8.55e− 1 + 6.39e− 1 + 4.64e+ 3 + 4.08e+ 6 + 3.61e− 3 + 7.75e− 4 1.20e+ 4 + 1.05e+ 5
SMD8 8.11e− 1 + 8.13e− 1 + 4.26e+ 3 + 3.31e+ 6 + 6.42e− 3 + 6.38e− 3 1.20e+ 4 + 1.72e+ 5
SMD9 5.96e− 1 + 5.78e− 1 ≈ 7.02e+ 3 + 4.52e+ 6 ≈ 7.39e− 1 + 3.33e− 1 7.53e+ 3 + 4.66e+ 6
SMD10 1.73e− 1 + 1.73e− 1 + 5.06e+ 3 + 4.05e+ 6 − 9.07e− 8 + 8.64e− 8 1.20e+ 4 + 5.11e+ 6
SMD11 7.16e− 1 + 7.72e− 1 + 8.39e+ 3 + 7.84e+ 6 + 5.28e− 3 + 1.19e− 4 8.02e+ 3 + 3.96e+ 6
SMD12 5.23e− 1 + 6.34e− 1 ≈ 6.53e+ 3 + 5.22e+ 6 + 5.50e− 1 + 4.09e− 1 7.16e+ 3 + 4.91e+ 6

+/ ≈ /− 30/4/2 30/3/3
Average Acceleration Rate 56.95%

TABLE S-III
PERFORMANCE COMPARISON BETWEEN BLEAQ AND GO-BLEAQ REGARDING THE AVERAGE NORMALIZED ACCURACY AND THE AVERAGE NUMBER

OF FES.

nu + nl Problem

BLEAQ GO-BLEAQ

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

10 + 10

SMD1 3.35e− 1 + 4.25e− 1 + 5.00e+ 3 + 1.24e+ 6 + 3.03e− 2 + 4.58e− 5 1.28e+ 3 + 2.59e+ 4
SMD2 8.32e− 1 + 7.08e− 1 + 4.63e+ 3 + 1.80e+ 6 + 6.99e− 3 + 2.03e− 3 1.94e+ 3 + 3.92e+ 4
SMD3 3.00e− 1 + 3.33e− 1 + 4.97e+ 3 + 1.34e+ 6 + 1.73e− 3 + 4.74e− 7 1.40e+ 3 + 2.99e+ 4
SMD4 2.33e− 1 + 2.06e− 1 + 4.63e+ 3 + 1.11e+ 6 + 1.27e− 2 + 6.62e− 3 1.72e+ 3 + 2.36e+ 4
SMD5 3.76e− 1 + 4.42e− 1 + 2.33e+ 3 + 1.00e+ 6 + 3.08e− 3 + 2.97e− 3 5.00e+ 3 + 6.37e+ 4
SMD6 3.89e− 1 + 1.00e− 1 + 4.59e+ 3 + 3.71e+ 5 + 4.57e− 3 + 1.50e− 3 1.79e+ 3 + 6.36e+ 3
SMD7 7.44e− 1 + 5.27e− 1 + 1.71e+ 3 + 6.98e+ 5 + 2.74e− 2 + 9.73e− 2 4.90e+ 3 + 3.37e+ 5
SMD8 3.90e− 1 + 4.02e− 1 + 2.43e+ 3 + 1.12e+ 6 + 4.58e− 4 + 1.02e− 3 5.00e+ 3 + 9.16e+ 5
SMD9 7.83e− 1 + 6.40e− 1 ≈ 4.33e+ 3 + 1.47e+ 6 ≈ 5.16e− 1 + 4.58e− 1 5.00e+ 3 + 1.48e+ 6
SMD10 4.02e− 1 + 5.00e− 1 + 5.00e+ 3 + 1.26e+ 6 + 8.06e− 1 + 8.45e− 2 5.00e+ 3 + 3.88e+ 5
SMD11 1.61e− 1 + 1.62e− 1 + 5.00e+ 3 + 1.23e+ 6 + 1.61e− 1 + 1.81e− 3 3.95e+ 3 + 5.39e+ 5
SMD12 1.01e− 1 + 4.96e+ 1 − 4.76e+ 3 + 1.11e+ 6 + 5.35e− 1 + 4.87e− 1 5.00e+ 3 + 3.94e+ 5

+/ ≈ /− 10/1/1 11/1/0
Average Acceleration Rate 69.95%
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TABLE S-IV
PERFORMANCE COMPARISON BETWEEN BLMA AND GO-BLMA REGARDING THE AVERAGE NORMALIZED ACCURACY AND THE AVERAGE NUMBER

OF FES.

nu + nl Problem

BLMA GO-BLMA

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

10 + 10

SMD1 2.06e− 1 + 2.10e− 1 + 4.16e+ 3 + 1.37e+ 6 + 2.04e− 3 + 1.05e− 5 1.41e+ 3 + 8.56e+ 5
SMD2 3.15e− 1 + 4.97e− 1 + 2.17e+ 3 + 8.47e+ 5 + 5.60e− 6 + 5.82e− 2 2.81e+ 3 + 1.98e+ 5
SMD3 2.07e− 1 + 2.03e− 1 + 4.60e+ 3 + 1.51e+ 6 + 5.50e− 5 + 2.37e− 9 1.37e+ 3 + 8.48e+ 4
SMD4 3.42e− 1 + 4.57e− 1 + 2.82e+ 3 + 1.05e+ 6 + 6.27e− 11 + 1.96e− 12 2.68e+ 3 + 1.86e+ 5
SMD5 3.71e− 1 + 3.25e− 1 + 1.59e+ 3 + 6.01e+ 5 + 1.37e− 4 + 3.88e− 4 5.00e+ 3 + 1.56e+ 5
SMD6 5.59e− 1 + 8.84e− 1 + 2.29e+ 3 + 9.20e+ 5 + 2.89e− 2 + 1.31e− 10 3.42e+ 3 + 1.96e+ 5
SMD7 3.75e− 1 + 4.54e− 1 + 1.43e+ 3 + 5.59e+ 5 + 1.63e− 3 + 5.38e− 2 3.88e+ 3 + 1.80e+ 5
SMD8 6.29e− 1 + 4.51e− 1 + 1.90e+ 3 + 7.11e+ 5 + 5.43e− 3 + 3.62e− 3 5.00e+ 3 + 1.10e+ 5
SMD9 7.45e− 1 + 1.86e− 1 ≈ 2.11e+ 3 + 6.36e+ 5 ≈ 5.46e− 1 + 3.78e− 1 2.26e+ 3 + 6.76e+ 5
SMD10 5.76e− 1 + 1.22e− 2 − 2.26e+ 3 + 7.82e+ 5 + 6.10e− 1 + 9.12e− 1 4.96e+ 3 + 5.87e+ 5
SMD11 2.69e− 1 + 3.70e− 1 + 2.15e+ 3 + 7.63e+ 5 + 2.41e− 2 + 1.05e− 1 2.31e+ 3 + 3.48e+ 5
SMD12 6.27e− 2 + 2.94e− 1 − 4.36e+ 3 + 1.11e+ 6 + 7.11e− 1 + 9.47e− 1 4.78e+ 3 + 5.44e+ 5

25 + 25

SMD1 2.00e− 1 + 2.00e− 1 + 6.74e+ 3 + 2.96e+ 6 + 1.18e− 5 + 1.11e− 10 4.11e+ 3 + 1.81e+ 5
SMD2 7.31e− 1 + 3.32e− 1 + 4.01e+ 3 + 2.29e+ 6 + 4.54e− 6 + 1.83e− 3 5.18e+ 3 + 2.93e+ 5
SMD3 3.12e− 1 + 3.03e− 1 + 6.75e+ 3 + 2.86e+ 6 + 2.93e− 5 + 3.32e− 8 4.33e+ 3 + 1.69e+ 5
SMD4 5.72e− 1 + 5.57e− 1 + 3.68e+ 3 + 1.17e+ 6 + 1.49e− 1 + 6.95e− 2 6.73e+ 3 + 2.69e+ 5
SMD5 5.21e− 1 + 5.48e− 1 + 3.36e+ 3 + 1.81e+ 6 + 2.93e− 3 + 4.39e− 3 8.00e+ 3 + 2.36e+ 5
SMD6 7.50e− 1 + 6.39e− 1 + 3.14e+ 3 + 1.86e+ 6 + 1.34e− 1 + 1.22e− 8 7.03e+ 3 + 2.70e+ 5
SMD7 6.01e− 1 + 4.86e− 1 + 2.32e+ 3 + 1.33e+ 6 + 3.07e− 5 + 9.06e− 5 7.40e+ 3 + 1.84e+ 5
SMD8 5.05e− 1 + 4.35e− 1 + 2.42e+ 3 + 1.27e+ 6 + 2.36e− 1 + 6.74e− 2 8.00e+ 3 + 2.07e+ 5
SMD9 4.22e− 1 + 5.22e− 1 ≈ 2.87e+ 3 + 1.23e+ 6 ≈ 4.96e− 1 + 3.37e− 1 4.02e+ 3 + 1.53e+ 6
SMD10 8.69e− 1 + 5.48e− 2 − 2.91e+ 3 + 1.49e+ 6 ≈ 4.18e− 1 + 7.03e− 1 8.00e+ 3 + 1.34e+ 6
SMD11 2.16e− 1 + 3.06e− 1 + 6.77e+ 3 + 2.73e+ 6 + 1.38e− 2 + 1.35e− 3 4.98e+ 3 + 1.09e+ 6
SMD12 2.14e− 1 + 1.32e− 1 − 6.23e+ 3 + 2.69e+ 6 + 7.01e− 1 + 8.10e− 1 8.00e+ 3 + 1.28e+ 6

50 + 50

SMD1 4.03e− 1 + 3.99e− 1 + 8.94e+ 3 + 5.53e+ 6 + 2.28e− 3 + 5.21e− 11 7.92e+ 3 + 2.36e+ 5
SMD2 4.96e− 1 + 7.33e− 1 + 5.11e+ 3 + 4.59e+ 6 + 1.86e− 6 + 1.43e− 3 8.76e+ 3 + 4.70e+ 5
SMD3 4.33e− 1 + 4.15e− 1 + 1.01e+ 4 + 5.86e+ 6 + 1.17e− 6 + 6.32e− 10 7.61e+ 3 + 1.99e+ 5
SMD4 5.53e− 1 + 8.41e− 1 + 5.05e+ 3 + 4.72e+ 6 + 1.80e− 2 + 1.47e− 2 9.39e+ 3 + 3.03e+ 5
SMD5 4.19e− 1 + 5.71e− 1 + 4.60e+ 3 + 3.68e+ 6 + 1.18e− 1 + 1.09e− 2 1.20e+ 4 + 2.90e+ 5
SMD6 8.24e− 1 + 7.47e− 1 + 7.17e+ 3 + 5.98e+ 6 + 8.68e− 2 + 3.68e− 8 1.19e+ 4 + 3.34e+ 5
SMD7 5.90e− 1 + 5.63e− 1 + 2.86e+ 3 + 2.54e+ 6 + 3.62e− 5 + 2.09e− 4 1.20e+ 4 + 1.93e+ 5
SMD8 2.42e− 1 + 2.43e− 1 + 4.42e+ 3 + 3.63e+ 6 + 1.06e− 1 + 7.49e− 2 1.20e+ 4 + 2.52e+ 5
SMD9 4.26e− 1 + 5.20e− 1 ≈ 7.27e+ 3 + 4.64e+ 6 ≈ 5.90e− 1 + 3.68e− 1 7.85e+ 3 + 4.02e+ 6
SMD10 2.50e− 1 + 2.61e− 1 ≈ 4.37e+ 3 + 3.63e+ 6 + 2.61e− 1 + 3.22e− 1 1.20e+ 4 + 2.50e+ 6
SMD11 2.13e− 1 + 2.41e− 1 + 1.06e+ 4 + 7.22e+ 6 + 8.23e− 3 + 3.64e− 3 1.20e+ 4 + 3.89e+ 6
SMD12 1.87e− 2 + 6.09e− 3 − 1.15e+ 4 + 6.91e+ 6 + 2.36e− 1 + 2.21e− 1 1.20e+ 4 + 3.26e+ 6

+/ ≈ /− 27/4/5 32/4/0
Average Acceleration Rate 66.50%



4

TABLE S-V
PERFORMANCE COMPARISON BETWEEN BL-CMA-ES AND GO-BL-CMA-ES REGARDING THE AVERAGE NORMALIZED ACCURACY AND THE

AVERAGE NUMBER OF FES.

nu + nl Problem

BL-CMA-ES GO-BL-CMA-ES

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

10 + 10

SMD1 7.86e− 1 + 7.63e− 1 + 1.57e+ 3 + 5.42e+ 5 + 4.18e− 3 + 2.22e− 3 1.44e+ 3 + 4.31e+ 4
SMD2 4.37e− 1 + 3.51e− 1 + 1.56e+ 3 + 5.44e+ 5 + 5.55e− 2 + 1.29e− 2 1.40e+ 3 + 4.12e+ 4
SMD3 7.65e− 1 + 6.76e− 1 + 1.57e+ 3 + 4.80e+ 5 + 5.41e− 3 + 4.43e− 4 1.44e+ 3 + 4.24e+ 4
SMD4 4.31e− 1 + 5.87e− 1 + 1.63e+ 3 + 5.38e+ 5 + 5.73e− 3 + 4.19e− 3 1.36e+ 3 + 3.95e+ 4
SMD5 5.48e− 1 + 4.21e− 1 + 2.82e+ 3 + 8.27e+ 5 + 1.62e− 1 + 2.37e− 1 2.25e+ 3 + 6.53e+ 4
SMD6 4.30e− 1 + 3.71e− 1 + 1.76e+ 3 + 6.38e+ 5 + 5.47e− 2 + 1.25e− 2 1.80e+ 3 + 4.51e+ 4
SMD7 4.33e− 1 + 5.78e− 1 + 2.18e+ 3 + 6.98e+ 5 + 1.52e− 1 + 8.04e− 2 2.20e+ 3 + 3.98e+ 4
SMD8 3.73e− 1 + 2.02e− 1 + 4.52e+ 3 + 1.58e+ 6 + 1.35e− 2 + 3.76e− 2 2.58e+ 3 + 7.11e+ 4
SMD9 4.35e− 1 + 3.07e− 1 ≈ 2.79e+ 3 + 7.98e+ 5 ≈ 2.50e− 1 + 9.73e− 2 2.58e+ 3 + 7.17e+ 5
SMD10 3.47e− 1 + 3.37e− 1 ≈ 5.00e+ 3 + 1.11e+ 6 + 4.25e− 1 + 3.74e− 1 4.67e+ 3 + 7.14e+ 5
SMD11 7.74e− 1 + 7.68e− 1 + 4.76e+ 3 + 9.48e+ 5 + 1.11e− 2 + 1.55e− 8 2.24e+ 3 + 3.08e+ 5
SMD12 2.43e− 1 + 3.93e− 1 − 5.00e+ 3 + 1.15e+ 6 + 6.73e− 1 + 5.69e− 1 5.00e+ 3 + 8.01e+ 5

25 + 25

SMD1 8.87e− 1 + 8.29e− 1 + 3.48e+ 3 + 1.82e+ 6 + 3.22e− 3 + 1.48e− 3 3.48e+ 3 + 6.05e+ 4
SMD2 3.53e− 1 + 7.26e− 1 + 3.51e+ 3 + 1.89e+ 6 + 3.51e− 2 + 1.88e− 2 3.62e+ 3 + 6.40e+ 4
SMD3 8.35e− 1 + 8.05e− 1 + 3.61e+ 3 + 1.61e+ 6 + 3.20e− 3 + 1.79e− 4 3.73e+ 3 + 6.98e+ 4
SMD4 2.00e− 1 + 2.00e− 1 + 4.18e+ 3 + 2.05e+ 6 + 8.29e− 9 + 9.44e− 9 3.53e+ 3 + 6.66e+ 4
SMD5 2.44e− 1 + 4.62e− 1 + 7.11e+ 3 + 3.01e+ 6 + 3.84e− 1 + 4.71e− 2 4.82e+ 3 + 6.96e+ 4
SMD6 5.29e− 1 + 7.18e− 1 + 4.07e+ 3 + 2.24e+ 6 + 8.94e− 2 + 1.81e− 2 4.82e+ 3 + 6.96e+ 4
SMD7 1.74e− 1 + 1.49e− 1 + 8.00e+ 3 + 5.13e+ 6 + 1.93e− 2 + 1.42e− 2 6.62e+ 3 + 6.15e+ 4
SMD8 7.57e− 1 + 5.96e− 1 + 8.00e+ 3 + 4.54e+ 6 + 7.61e− 6 + 5.88e− 6 5.78e+ 3 + 9.78e+ 4
SMD9 9.20e− 1 + 6.47e− 1 ≈ 6.65e+ 3 + 3.04e+ 6 ≈ 8.16e− 1 + 5.94e− 1 6.74e+ 3 + 3.05e+ 6
SMD10 4.03e− 1 + 4.50e− 1 ≈ 8.00e+ 3 + 2.13e+ 6 + 6.26e− 1 + 4.44e− 1 7.47e+ 3 + 1.90e+ 6
SMD11 7.00e− 1 + 6.98e− 1 + 8.00e+ 3 + 2.22e+ 6 + 3.42e− 3 + 9.18e− 10 6.87e+ 3 + 1.22e+ 6
SMD12 6.07e− 1 + 1.57e− 1 − 8.00e+ 3 + 2.15e+ 6 + 5.50e− 1 + 5.65e− 1 8.00e+ 3 + 1.65e+ 6

50 + 50

SMD1 8.03e− 1 + 8.18e− 1 + 6.46e+ 3 + 5.16e+ 6 + 3.30e− 3 + 6.41e− 4 8.15e+ 3 + 1.18e+ 5
SMD2 3.04e− 1 + 7.86e− 1 + 6.69e+ 3 + 5.55e+ 6 + 1.03e− 1 + 3.43e− 2 7.89e+ 3 + 1.11e+ 5
SMD3 8.87e− 1 + 8.55e− 1 + 6.79e+ 3 + 4.84e+ 6 + 2.22e− 3 + 1.67e− 4 8.48e+ 3 + 1.23e+ 5
SMD4 2.67e− 1 + 2.66e− 1 + 8.95e+ 3 + 6.96e+ 6 + 3.99e− 9 + 3.98e− 9 8.08e+ 3 + 1.15e+ 5
SMD5 3.77e− 1 + 6.33e− 1 + 1.20e+ 4 + 9.80e+ 6 + 1.33e− 2 + 2.91e− 3 9.20e+ 3 + 1.42e+ 5
SMD6 6.22e− 1 + 7.60e− 1 + 7.67e+ 3 + 6.74e+ 6 + 1.31e− 1 + 1.33e− 2 1.05e+ 4 + 1.15e+ 5
SMD7 1.73e− 1 + 1.39e− 1 + 1.20e+ 4 + 1.19e+ 7 + 4.63e− 2 + 2.41e− 3 1.15e+ 4 + 1.05e+ 5
SMD8 8.16e− 1 + 6.95e− 1 + 1.20e+ 4 + 1.03e+ 7 + 3.56e− 6 + 1.59e− 6 1.14e+ 4 + 1.54e+ 5
SMD9 6.79e− 1 + 5.64e− 1 ≈ 1.04e+ 4 + 6.00e+ 6 ≈ 5.89e− 1 + 4.45e− 1 9.35e+ 3 + 6.32e+ 6
SMD10 5.30e− 1 + 3.54e− 1 ≈ 1.20e+ 4 + 4.63e+ 6 ≈ 1.75e− 1 + 6.79e− 1 1.20e+ 4 + 4.71e+ 6
SMD11 7.28e− 1 + 7.27e− 1 + 1.20e+ 4 + 5.35e+ 6 + 2.83e− 3 + 4.97e− 7 1.20e+ 4 + 2.84e+ 6
SMD12 1.80e− 1 + 1.19e+ 2 − 1.20e+ 4 + 4.58e+ 6 + 6.23e− 1 + 7.01e− 1 1.20e+ 4 + 3.41e+ 6

+/ ≈ /− 27/6/3 32/4/0
Average Acceleration Rate 71.91%



5

S-II. ADDITIONAL EXPERIMENTS AND DISCUSSIONS

A. Effect of the Number of Start Points of the Multi-Start SQP

TABLE S-VI
AVERAGE ACCURACY OF THE MULTI-START SQP WITH SEVEN DIFFERENT NUMBERS OF START POINTS ON (50+50)-VARIABLE SMD3 AND SMD4

Population Size

(50+50)-variable SMD3 (50+50)-variable SMD4

Average Accuracy Average Accuracy

Average(Accu) + Average(Accl) Average(Accu) + Average(Accl)
One 3.22e+ 1 + 3.42e+ 1 3.25e+ 1 + 3.44e+ 1
Two 5.06e+ 0 + 5.33e+ 0 5.95e+ 0 + 6.28e+ 0

Three 1.48e+ 0 + 1.55e+ 0 1.03e+ 0 + 1.08e+ 0
Four 6.98e− 1 + 7.29e− 1 6.03e− 1 + 6.34e− 1
Five 7.38e− 2 + 6.59e− 2 1.51e− 1 + 1.59e− 1
Six 6.03e− 2 + 6.34e− 2 3.01e− 2 + 3.17e− 2

Seven 5.90e− 9 + 1.26e− 9 1.47e− 8 + 2.18e− 8

In this section, we investigated the effect of the number of start points of the multi-start SQP. We tested the multi-start SQP
with seven different numbers of start points: one, two, three, four, five, six, and seven. (50+50)-variable SMD3 and SMD4
were employed for performance comparison since they have several local optima. In addition, GO-BL-CMA-ES was selected
as the search algorithm. The results are given in Table S-VI. Note that, in order to better observe the average accuracy, we did
not normalize it here. From Table S-VI, with the increase of the number of start points, the average accuracy is continuously
improved. When the number of start points is greater than six, GO-BL-CMA-ES can find the global optimum. Therefore, seven
is a reasonable choice for the number of start points of the multi-start SQP.
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B. Effectiveness of the Judgment Criterion and the Aggregation Functions in the Optimization of Type-II Subgroups

TABLE S-VII
PERFORMANCE COMPARISON BETWEEN GO-BL-CMA-ES-WOJA AND GO-BL-CMA-ES REGARDING THE AVERAGE ACCURACY ON SMD6.

nu + nl

GO-BL-CMA-ES-WoJA GO-BL-CMA-ES

Average Accuracy Average Accuracy

Average(Accu) + Average(Accl) Average(Accu) + Average(Accl)
10 + 10 4.66e+ 1 + 1.77e− 8 4.83e− 9 + 3.71e− 9
25 + 25 1.48e+ 2 + 1.42e− 8 1.49e− 8 + 1.74e− 8
50 + 50 2.46e+ 2 + 1.17e− 7 8.75e− 8 + 9.53e− 8
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Fig. S-1. Identification rate of the judgment criterion on (10+10)-variable SMD5 and SMD6 over 30 runs.

In the optimization of type-II subgroups, a criterion was proposed to judge whether a type-II subgroup has multiple optima
or not. If multiple optima exist, two aggregation functions were adopted to guide the population toward the optimistic solution.
Therefore, the judgment criterion and the aggregation functions play critical roles in the optimization of type-II subgroups.
In order to verify their effectiveness, we developed a variant of GO-BL-CMA-ES, called GO-BL-CMA-ES-WoJA, where
the judgment criterion and the aggregation functions were not used. Then, the average accuracy of GO-BL-CMA-ES was
compared with that of GO-BL-CMA-ES-WoJA. SMD6 was selected for performance comparison due to the fact that its
lower-level optimization problem is multi-modal and has multiple optima.

The results are summarized in Table S-VII. Note that, in order to better observe the average accuracy, we did not normalize
it here. It is clear that the average accuracies of both GO-BL-CMA-ES and GO-BL-CMA-ES-WoJA are less than 1e − 6 at
the lower level of each instance, which means that both of them find the optimal solution at the lower level. However, for the
upper-level optimization problem, the average accuracy of GO-BL-CMA-ES is much higher than that of GO-BL-CMA-ES-
WoJA on each instance. This is because the optimal solution found by GO-BL-CMA-ES at the lower level is the optimistic
solution, but the optimal solution found by GO-BL-CMA-ES-WoJA is not. The above experiments suggest that the judgment
criterion and the aggregation functions are effective and can provide a guidance for the population to search for the optimistic
solution.

We introduced two parameters (i.e., θ1 and θ2) in the judgment criterion to measure the difference of individuals in the
decision space and the objective space, respectively. One may be interested in their effect on the performance of GO. To this
end, we chose (10+10)-variable SMD5 and SMD6 as the test problems. The lower-level optimization problems of SMD5 and
SMD6 are a unimodal problem and a multi-modal problem with infinite optima, respectively. We tested GO-BL-CMA-ES
with 49 combinations of θ1 and θ2: θ1 ∈ {0.8e − 3, 1.0e − 3, . . . , 2.0e − 3} and θ2 ∈ {0.8, 0.9, . . . , 1.4}, and recorded the
identification rate over 30 runs in Fig. S-1. The identification rate indicates the proportion of runs in which GO-BL-CMA-ES
can successfully identify that SMD5 does not have any type-II subgroup with multiple optima and SMD6 does have some
type-II subgroups with multiple optima.

As shown in Fig. S-1, the judgment criterion performs well in the case of θ1 ≥ 1.4e− 3 and θ2 ≤ 1.3 on (10+10)-variable
SMD5. On the contrary, the judgment criterion performs well on (10+10)-variable SMD6 when θ1 ≤ 1.8e− 3 and θ2 ≥ 1.1.
Therefore, θ1 = 1.6e− 3 and θ2 = 1.2 are recommended in this paper.
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C. Grouping Accuracy of the Grouping Phase

TABLE S-VIII
GROUPING ACCURACY OF THE GROUPING PHASE ON (50+50)-VARIABLE SMD OVER 30 RUNS.

Problem SMD1 SMD2 SMD3 SMD4 SMD5 SMD6 SMD7 SMD8 SMD9 SMD10 SMD11 SMD12
Grouping Accuracy 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%

In order to evaluate the grouping accuracy of the grouping phase, we first analytically derived the interactions between
upper-level and lower-level variables, and then obtained the grouping results. Subsequently, they were compared with those
obtained from the grouping phase, and the grouping accuracies of the grouping phase on (50+50)-variable SMD over 30 runs
are recorded in Table S-VIII. The grouping accuracy indicates the proportion of runs that the grouping results obtained from
the grouping phase are the same as those provided by the analytical derivation. From Table S-VIII, it is clear that the grouping
phase is able to implement variable grouping accurately.
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D. Effectiveness of the Multi-start SQP and the Grouping Phase

TABLE S-IX
PERFORMANCE COMPARISON AMONG GO-BL-CMA-ES, BL-CMA-ES, AND GO-BL-CMA-ES-WOS REGARDING THE AVERAGE NORMALIZED

ACCURACY AND THE AVERAGE NUMBER OF FES.

nu + nl Problem

GO-BL-CMA-ES BL-CMA-ES GO-BL-CMA-ES-WoS

Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs Average Normalized Accuracy Average Number of FEs

Average(Accu
′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl) Average(Accu

′
) + Average(Accl

′
) Average(FEsu) + Average(FEsl)

10 + 10

SMD1 4.23e− 3 + 2.29e− 3 − 1.44e+ 3 + 4.31e+ 4 − 7.86e− 1 + 7.63e− 1 + 1.57e+ 3 + 5.42e+ 5 + 4.32e− 1 + 5.87e− 1 1.91e+ 3 + 4.49e+ 4
SMD2 5.54e− 2 + 1.29e− 2 − 1.40e+ 3 + 4.12e+ 4 − 4.34e− 1 + 3.52e− 1 + 1.56e+ 3 + 5.44e+ 5 + 2.85e− 1 + 1.49e− 1 1.88e+ 3 + 4.32e+ 4
SMD3 4.51e− 3 + 7.90e− 5 − 1.44e+ 3 + 4.24e+ 4 ≈ 6.45e− 1 + 1.21e− 1 ≈ 1.57e+ 3 + 4.80e+ 5 + 3.98e− 1 + 3.17e− 1 1.91e+ 3 + 4.15e+ 4
SMD4 5.41e− 3 + 3.12e− 3 − 1.36e+ 3 + 3.95e+ 4 + 4.31e− 1 + 5.42e− 1 + 1.63e+ 3 + 5.38e+ 5 + 5.12e− 2 + 4.72e− 1 1.84e+ 3 + 3.84e+ 4
SMD5 2.63e− 1 + 1.44e− 1 − 2.25e+ 3 + 6.53e+ 4 − 6.03e− 1 + 2.56e− 1 ≈ 2.82e+ 3 + 8.27e+ 5 + 2.30e− 1 + 4.86e− 1 2.43e+ 3 + 6.73e+ 4
SMD6 5.47e− 2 + 1.25e− 2 − 1.80e+ 3 + 4.51e+ 4 ≈ 4.30e− 1 + 3.71e− 1 + 1.81e+ 3 + 6.38e+ 5 + 2.59e− 1 + 1.67e− 1 2.29e+ 3 + 4.60e+ 4
SMD7 1.52e− 1 + 8.04e− 2 − 2.20e+ 3 + 3.98e+ 4 ≈ 4.33e− 1 + 5.28e− 1 + 2.18e+ 3 + 6.98e+ 5 + 1.18e− 1 + 1.13e− 1 1.95e+ 3 + 4.06e+ 4

SMD11 1.32e− 2 + 1.56e− 8 − 2.24e+ 3 + 3.08e+ 5 + 7.75e− 1 + 7.68e− 1 + 4.76e+ 3 + 9.48e+ 5 + 7.41e− 3 + 6.02e− 3 5.00e+ 3 + 1.53e+ 5
+/ ≈ /− 8/0/0 3/3/2 6/2/0 8/0/0

In order to verify the effectiveness of the multi-start SQP and the grouping phase, the multi-start SQP in GO-BL-CMA-ES
was replaced with CMA-ES, resulting in a variant called GO-BL-CMA-ES-WoS. SMD1–SMD6, SMD8, and SMD10 were
selected for performance comparison since the multi-start SQP is used in GO-BL-CMA-ES when solving these problems.
In this section, we considered (10+10) variables. Table S-IX presents the results of GO-BL-CMA-ES, BL-CMA-ES, and
GO-BL-CMA-ES-WoS regarding the average normalized accuracy and the average number of FEs.

As shown in Table S-IX, GO-BL-CMA-ES is better than GO-BL-CMA-ES-WoS in terms of the average normalized accuracy
on all problems. In addition, it requires fewer FEs on SMD1, SMD2, and SMD5–SMD7 compared with GO-BL-CMA-ES-
WoS. However, GO-BL-CMA-ES-WoS is superior to GO-BL-CMA-ES only in terms of the average number of FEs on SMD3,
SMD4, and SMD11. The above results suggest that the multi-start SQP can improve the performance of GO. On the other
hand, GO-BL-CMA-ES-WoS is superior to BL-CMA-ES in terms of both the average normalized accuracy and the average
number of FEs except for SMD3 and SMD5. Although the performance of GO-BL-CMA-ES-WoS is not significantly different
from that of BL-CMA-ES in terms of the average normalized accuracy on SMD3 and SMD5, GO-BL-CMA-ES-WoS requires
fewer FEs on these two problems. Note that the main difference between GO-BL-CMA-ES-WoS and BL-CMA-ES is that
the former performs variable grouping but the latter does not. Therefore, the effectiveness of the grouping phase has been
demonstrated.
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