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for Evolutionary Constrained Multiobjective
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Abstract—Among the constraint-handling techniques (CHTs)
in constrained multiobjective optimization, constrained domi-
nance principle (CDP) is simple, flexible, non-parametric, and
easy to be embedded into multiobjective evolutionary algorithms.
However, CDP always prefers constraints to objectives, which
tends to cause premature convergence. To overcome this draw-
back, we propose a new CHT on the basis of CDP. In our CHT,
the fitness function of each solution is defined as the weighted sum
of two rankings: one is the solution’s ranking based on CDP and
the other is the solution’s ranking based on Pareto dominance
(i.e., without considering any constraints). It is evident that these
two rankings favor the “feasibility” and “optimality” of each
solution, respectively. More importantly, the weight employed
in the fitness function is related to the proportion of feasible
solutions in the current population, enabling the population to
adaptively balance constraints and objectives in the evolutionary
process. The effectiveness of our CHT is evaluated on three test
suites and the experimental results demonstrate that our CHT
shows better or highly competitive performance compared with
other representative CHTs.

Index Terms—Constrained multiobjective optimization, evolu-
tionary algorithms, constraint-handling techniques, fitness func-
tion.

I. INTRODUCTION

MANY optimization problems in the real world in-
volve multiple conflicting objectives and one or more

constraints, which are known as constrained multiobjective
optimization problems (CMOPs) [1]–[3]. Without loss of
generality, a CMOP, in the case of minimization, can be
mathematically formulated as follows:

min ~F (~x) =
(
f1(~x), f2(~x), . . . , fm(~x)

)T
s.t.


gj(~x) ≤ 0, j = 1, . . . , ng

hj(~x) = 0, j = ng + 1, . . . , ng + nh

xlowk ≤ xk ≤ xuppk , k = 1, . . . , n

(1)
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where ~x = (x1, . . . , xn) ∈ S is an n-dimensional decision
vector, S ⊂ Rn is the decision space, xk (k ∈ {1, . . . , n}) is
the kth decision variable, ~F : S → Rm is the objective vector
consisting of m objectives, fi(~x) (i ∈ {1, . . . ,m}) is the ith
objective, gj(~x) ≤ 0 is the jth inequality constraint, ng is the
number of inequality constraints, hj(~x) = 0 is the (j − ng)th
equality constraint, nh is the number of equality constraints,
and xlowk and xuppk are the lower and upper bounds of xk,
respectively.

The constraint violation of ~x on the jth constraint can be
calculated as follows [4]:

CVj(~x)=

{
max(0, gj(~x)), j=1,. . ., ng

max(0, |hj(~x)|−δ), j=ng+1,. . ., ng+nh
(2)

where δ is a small tolerance value to relax equality constraints
[5]. Based on (2), ~x is called a feasible solution if its total
constraint violation meets:

CV (~x) =

ng+nh∑
j=1

CVj(~x) = 0 (3)

Otherwise, ~x is called an infeasible solution. The set of all
feasible solutions is called the feasible region:

Ω = {~x|CV (~x) = 0, ~x ∈ S} (4)

In unconstrained multiobjective optimization (i.e., ignoring
the constraints in (1)), Pareto dominance is an important
concept in pair-wise solution comparisons [6]. Given two
solutions, ~a ∈ S and ~b ∈ S, ~a is said to Pareto dominate ~b
(denoted as ~a ≺ ~b), if fp(~a) ≤ fp(~b) for every p ∈ {1, . . . ,m}
and fq(~a) < fq(~b) for at least one q ∈ {1, . . . ,m}. ~x∗ is
called a Pareto optimal solution if there is no solution in S that
Pareto dominates it. The set of all the Pareto optimal solutions
is called the Pareto set. The image of the Pareto set in the
objective space is called the Pareto front (PF). When solving
CMOPs in (1), the goal is to approximate the PF in the feasible
region (called constrained PF) with a set of well-distributed
and well-converged feasible solutions [7].

Commonly, most of multiobjective evolutionary algorithms
(MOEAs), in their original designs, are unable to cope
with CMOPs, since they lack an essential mechanism for
handling constraints [8]. As a result, many constraint-handing
techniques (CHTs) that can be embedded into MOEAs have
been developed for dealing with CMOPs during the past
two decades [9], [10]. Currently, the CHTs mainly include
six categories: constrained dominance principle (CDP) [11],
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penalty functions [12], stochastic ranking [13], ε constrained
method [14], multiobjective optimization-based methods [15],
and hybrid methods [16]. In spite of their reported successes,
their shortcomings are still obvious [8]:

• CDP strongly favors feasible solutions; thus, the popu-
lation can promptly enter the feasible region, yet runs
the risk of being trapped into a local area of the feasible
region.

• Penalty functions require a careful tuning of penalty
factors to provide a proper degree of penalty on infeasible
solutions. However, the penalty factor is always problem-
dependent. Even though researchers have proposed some
self-adaptive penalty functions, it is not trivial to mine
and utilize the feedback information from the evolving
process to design self-adaptive penalty factors.

• Stochastic ranking has a user-defined parameter (i.e.,
Pf ). For a specific CMOP, it is hard to determine the
suitable value for Pf . In addition, infeasible solutions are
compared with other solutions based on objectives with the
probability Pf , regardless of their constraint violations. As
a result, there may always exist a few infeasible solutions
in the final population. However, these infeasible solutions
are useless for decision makers.

• Similarly, ε constrained method also requires a careful
tuning of parameters to properly control the decreasing of
ε-level. Some preliminary experiments in [17] show that
this kind of methods has difficulties in finding the Pareto
optimal solutions located on the boundary of the feasible
region.

• Multiobjective optimization-based methods generally
transform a CMOP with m objectives and k constraints
into a (m + k)-objective MOP or a (m + 1)-objective
MOP. In the former, each constraint is considered as
an additional objective, which may cause the curse of
dimensionality (i.e., many-objective) with the increase
of k. In addition, in the latter, one additional objective
is established to measure the total degree of constraint
violation of an infeasible solution. However, since the
additional objective and the original objectives are treated
equally, enough selection pressure cannot be provided to
make the population converge toward the feasible region.

• A hybrid method is an ensemble of different CHTs,
aiming to achieve better performance than a single CHT.
Obviously, such methods are complex in implementation
and it is difficult to analyze their performance.

Compared with other CHTs mentioned above, CDP is
simple, flexible, and non-parametric, making it very easy to be
embedded into MOEAs [8]. Nevertheless, its performance is
limited due to its bias toward constraints. In fact, some recent
studies have revealed that reasonably utilizing the information
of objectives is helpful to balance constraints and objectives in
the evolutionary process [18], [19]. Inspired by [18], this paper
proposes a new fitness function with two rankings, named as
ToR, for evolutionary constrained multiobjective optimization.
Specifically, for each solution ~xi, its first ranking (denoted
as Rci ) is obtained after the population is sorted on the basis
of CDP, and its second ranking (denoted as Rpi ) is obtained

after the population is sorted on the basis of Pareto dominance,
where constraints are ignored. Then, the fitness function of ~xi
is the weighted sum of Rci and Rpi through a dynamic weight
that is related to the proportion of feasible solutions in the
current population.

The main contributions of this paper can be summarized as
follows:
• For each solution in the population, ToR calculates two

rankings. The first ranking prefers constraints, while
the second one prefers objectives by totally ignoring
constraints. Moreover, ToR constructs a fitness function
which is the weighted sum of these two rankings; thus,
ToR provides an explicit way to balance constraints and
objectives.

• The weight in ToR changes dynamically according to the
proportion of feasible solutions in the current population,
which switches the search bias between constraints and
objectives adaptively during the evolution.

• ToR is successfully implemented in the framework of
NSGA-II [11] without introducing any complex operator
and additional parameter. The analysis of computational
time complexity shows that ToR does not bring extra
computational burden to the whole algorithm.

• In the experiments, ToR is compared with six representa-
tive CHTs on three test suites. The experimental results
suggest that ToR is better than or highly competitive with
the compared CHTs.

The rest of this paper is organized as follows. Section
II provides a brief introduction to the CHTs in constrained
multiobjective optimization. Section III describes the proposed
CHT. The experiments are carried out in Section IV. Finally,
Section V concludes this paper.

II. PRESENT CHTS

This section gives a brief review of the CHTs in constrained
multiobjective optimization over the past two decades. Most
of them are extended or modified from the CHTs developed
for solving constrained single-objective optimization problems
[20], [21].

CDP [11] is an extension of the feasibility rule in [22] for
CMOPs. In CDP, given two solutions ~a and ~b, ~a is said to
constrained-dominate ~a (denoted as ~a ≺c ~b), if one of the
following conditions is satisfied:
• both ~a and ~b are feasible, and ~a ≺ ~b;
• ~a is feasible, while ~b is infeasible;
• both ~a and ~b are infeasible, and CV (~a) < CV (~b).
CDP is originally proposed in the constrained version of

NSGA-II [11]. Later, some researchers directly adopted or
improved CDP to solve CMOPs. For example, Zeng et al. [23]
used CDP in an orthogonal MOEA, where a niche evolution
procedure is designed to enhance the diversity of population.
Wei et al. [24] combined CDP with particle swarm optimization.
They also proposed an infeasible elitist preservation strategy
to keep some good infeasible solutions found previously.
Liu et al. [25] applied CDP to MOEA/D [26], in which
each subproblem has a temporary register for saving the
infeasible solutions with lower constraint violations, with
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the goal of giving them opportunities to produce offspring.
Additionally, CDP is also embedded into some MOEAs that
employ differential evolution (DE) [27] as the search engine.

Recognizing the limitation of general penalty functions,
researchers have show growing interest in self-adaptive penalty
functions, whose penalty factors are adjusted adaptively based
on the feedback information from the search process. Based
on their early work [12], Woldesenbet et al. [28] provided a
successful self-adaptive penalty function in NSGA-II. In their
method, each modified objective function contains a distance
measure and an adaptive penalty. Zhang et al. [29] used this
method in a multi-hive artificial bee colony (ABC) algorithm
and reported competitive results on CMOPs. Jiao et al. [30]
improved this method by adding a feasible-guiding strategy to
preserve some valuable infeasible solutions. In addition, some
novel self-adaptive penalty functions are also developed in
MOEA/D [31], [32].

In order to overcome the drawbacks of penalty functions,
Runarsson and Yao [13] designed stochastic ranking. When
an infeasible solution is compared with another solution,
this method defines a parameter (i.e., Pf ) to determine the
comparison criteria, that is, comparing their objective values
with the probability Pf or comparing their constraint violations
with the probability (1−Pf ). In this method, a bubble-sort-like
process is utilized to rank the whole population. Geng et al. [33]
combined stochastic ranking with an infeasible elitists based
MOEA. Jan et al. [34] used stochastic ranking in MOEA/D,
and investigated its performance by comparing with CDP.
ε constrained method was originally proposed by Takahama

and Sakai [14] in 2006. In this method, a decreasing ε-level is
defined to relax the constraint violations of infeasible solutions.
The infeasible solutions that satisfy the ε-level are considered
as feasible solutions (called pseudo-feasible solutions), and use
objective values as the comparison criterion. Mathematically,
given two solutions ~a and ~b of a CMOP, the comparison based
on ε-level is described as follows:

~a ≺ε ~b⇒


~a ≺ ~b, if CV (~a), CV (~b) ≤ ε
~a ≺ ~b, if CV (~a) = CV (~b)

CV (~a) < CV (~b), otherwise
(5)

where ε decreases as the generation number increases. Note
that, if ε reduces to zero, ε constrained method is equivalent
to CDP. In recent years, ε constrained method is popular for
CMOPs. Hsieh et al. [35] embedded it into NSGA-II with a
minor modification, where an infeasible solution is pseudo-
feasible if its violation of each constraint satisfies the ε-level.
Qian et al. [36] also adopted this method in NSGA-II, but
used a novel self-adaptive DE as the search engine. Zamuda
et al. [37] designed a combination of ε constrained method
and SPEA2 [38], and considered self-adaptive DE and a local
search strategy based on sequential quadratic programming for
performance improvement. Besides, under the framework of
MOEA/D, ε constrained method has been further improved
by controlling the decrease of ε in more elaborate manners
[39]–[41].

Multiobjective optimization-based methods provide a new
way to balance constraints and objectives. In this kind of CHTs,

Algorithm 1 Population Sorting based on CDP
Input: population size 2*N and population S
Output: Rc

i of each individual ~xi
1: Sort S based on CDP, and divide S into different nondomination levels:

L = {L1, L2, . . .};
2: for each level Li ∈ L do
3: Sort Li based on the crowding distance in descending order;
4: end for
5: Record the ranking of each individual ~xi in the sorted S: Rc

i .

Algorithm 2 Population Sorting based on Pareto Dominance
Input: population size 2*N and population S
Output: Rp

i of each individual ~xi
1: Sort S based on Pareto dominance by ignoring constraints, and divide S

into different nondomination levels: L = {L1, L2, . . .};
2: for each level Li ∈ L do
3: Sort Li based on the crowding distance in descending order;
4: end for
5: Record the ranking of each individual ~xi in the sorted S: Rp

i .

a CMOP is transformed into an unconstrained MOP by treating
constraints as one or more additional objectives. Based on their
early work [42], Ray et al. [43] proposed an infeasible driven
EA. In this method, if not all solutions are feasible, a certain
number of best infeasible solutions are preserved in the popula-
tion to enhance the convergence pressure. In [44], CMOPs are
solved by NPGA [45] with two additional objectives: one is a
penalty on the basis of total constraint violation and the other
is defined as the number of constraints that a solution violates.
Furthermore, an elitist strategy maintains an off-line population
to promote the convergence toward the feasible region. Long et
al. [46] designed a multiobjective optimization-based CHT by
introducing three new objectives that measure the convergence,
diversity, and feasibility, respectively.

Inspired by the “no free lunch” theorem [47], researchers
have developed several hybrid methods via combining different
CHTs. For instance, Qu et al. [48] considered three kinds
of CHTs, i.e., self-adaptive penalty function, superiority of
feasible solution (a technique similar to CDP), and ε constrained
method. In their algorithm, the population is divided into
three subpopulations, and each subpopulation is assigned one
of the above three CHTs. Wang et al. [49] proposed the
adaptive tradeoff model, which divides the search process
into three scenarios. If there does not exist any feasible
solution, the population is ranked by nondominated sorting
with an additional objective defined by the total constraint
violation. If the population has both feasible and infeasible
solutions, a penalty function is designed. If the population is
entirely feasible, the solutions are compared based only on
their objective values. This model is originally designed for
constrained single-objective optimization. Recently, Li et al.
[50] successfully extended it to solve CMOPs.

III. PROPOSED ALGORITHM

A. A New Fitness Function with Two Rankings (ToR)

CDP is the simplest CHT and it is easy to be combined
with MOEAs for solving CMOPs. Algorithm 1 presents the
procedure of population sorting based on CDP under the
framework of NSGA-II. Through Algorithm 1, the ranking
of each individual ~xi can be obtained (denoted as Rci ). A
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smaller value of Rci represents better performance of ~xi. In the
early stage of evolution, the population may not contain any
feasible solutions. Under this condition, the sorting is based
mainly on constraints and the N individuals with the best
rankings are selected. Thus, the population has the capability
to promptly approach or enter the feasible region. However, due
to high selection pressure, the diversity of the population will
drastically decrease. The loss of diversity runs the following
two risks: 1) the population may cluster in a small area in the
feasible region, leading to premature convergence; and 2) if the
feasible region consists of several disjoint parts, the population
may miss some of them, causing the missing of some Pareto
optimal solutions.

To alleviate the search bias of CDP, a natural way is to
introduce the information of objectives [18]. Fortunately, we
can make use of Pareto dominance to sort the population
without considering any constraints. Algorithm 2 gives the
procedure of population sorting based on Pareto dominance
under the framework of NSGA-II. Afterward, another ranking
of each individual ~xi can be obtained (denoted as Rpi ), which
is based mainly on objectives. Similarly, the smaller the value
of Rpi , the better the performance of ~xi.

Subsequently, an interesting question is how to take advan-
tage of these two rankings to balance constraints and objectives.
Recognizing that the proportion of feasible solutions (denoted
as Pfea) adaptively reflects the status of the population during
the evolution, we utilize it to achieve the balance between
constraints and objectives. Specifically, we design a new fitness
function for each individual ~xi on the basis of two rankings
(i.e., Rci and Rpi ) and Pfea, called ToR:

min fiti = αRci + (1− α)Rpi (6)

and
α = 0.5 + 0.5 ∗ Pfea (7)

It is clear that α changes from 0.5 to 1 as Pfea increases. Note
that in Algorithm 1 and Algorithm 2, the individuals that
share the same nondomination level are further sorted by the
crowding distance, aiming to determine the unique rankings of
~xi

1. It is easy to derive that the values of both Rci and Rpi are
within the range of [1, 2 ∗N ], where 2 ∗N is the population
size. Since Rci and Rpi have the same scale, they can be directly
used to calculate fiti in (6), without any normalization.

Due to the fact that Rci and Rpi favor the “feasibility” and
“optimality” of ~xi, respectively, ToR provides an explicit way
to balance constraints and objectives. Next, we discuss the
characteristics of ToR over the course of evolution:
• At the early stage of evolution, the population may

only contain infeasible solutions (i.e., Pfea = 0). Thus,
α = (1−α) = 0.5, that is, constraints and objectives are
considered to be equally important. Under this condition,
some infeasible solutions with good objective values are
likely to be preserved, thus enhancing the diversity of the
population. With the aid of these infeasible solutions, the
population will approach the feasible region from diverse
directions, which can avoid premature convergence.

1The calculation of nondomination level and crowding distance can be found
in [11].

Algorithm 3 Framework of ToR-NSGA-II
Input: population size N and the maximum generation number tmax

Output: Pt

1: Initialize the generation counter: t← 0;
2: Randomly create an initial population of size N : P0;
3: Compute ~F and CV of each individual in P0;
4: Pt+1 = ∅;
5: while t < tmax do
6: Produce an offspring population Qt by reproduction operators;
7: Combine Pt with Qt: St ← Pt ∪Qt;
8: Sort St based on Algorithm 1 and Algorithm 2, and obtain Rc

i and
Rp

i of each individual in St, respectively;
9: Update α according to (7);

10: Calculate the fitness value of each individual in St according to (6);
11: Select the best N individuals from St and put them into Pt+1;
12: t← t+ 1;
13: end while

• As the evolution proceeds, some solutions become feasible
(i.e., Pfea > 0). Under this condition, the value of α is
greater than that of (1− α), which means that the search
is more biased toward constraints than objectives. This
provides higher selection pressure for infeasible solutions
to converge toward the feasible region. However, (1− α)
remains greater than 0; thus, some infeasible solutions with
good objective values and smaller constraint violations
still have the opportunities to survive. The advantages of
these infeasible solutions are twofold: 1) if the feasible
region consists of discontinuous parts, they can maintain
the diversity of the population and motivate the population
to probe more discontinuous parts; and 2) they are useful
to search for the Pareto optimal solutions located on the
boundary of the feasible region.

• At the end stage of evolution, nearly all solutions in the
population are feasible (i.e., Pfea ≈ 1), that is, α is
close to 1. In this case, ToR is almost equivalent to CDP,
ensuring the feasibility of the final population.

From the above discussion, ToR is capable of switching
the search bias between constraints and objectives adaptively.
Moreover, ToR inherits the advantage of CDP (i.e., simple
in implementation), and overcomes the limitation of CDP by
utilizing the information of objectives.

ToR can be readily embedded into NSGA-II [11], and
thus a new constrained MOEA (CMOEA) is obtained, called
ToR-NSGA-II. The algorithmic framework is presented in
Algorithm 3. It can be seen that this framework is the same
with NSGA-II except for two modifications:

• Two different population sorting processes are imple-
mented in Step 8, i.e., the sorting based on CDP in
Algorithm 1 and the sorting based on Pareto dominance
in Algorithm 2.

• The individuals are selected for the next generation based
on the fitness function in (6), as shown in Step 11.

When solving CMOPs by ToR-NSGA-II, first, an initial
population is randomly produced from the decision space
(Step 2). During the evolution, an offspring population Qt
is generated for Pt (Step 6), and Qt and Pt form a combined
population St (Step 7). Subsequently, the value of α is updated
(Step 9). Afterward, the fitness value of each individual in St
is calculated (Step 10) and the best N individuals are selected
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Fig. 1. Hypothetical distributions of ten candidate solutions A-J, when (a) Pfea = 0 and α = 0.5, (b) Pfea = 0.4 and α = 0.7, and (c) Pfea = 0.8 and
α = 0.9. The best five solutions selected by ToR are shown in black.

TABLE I
SIMULATION OF THE SOLUTION SELECTION BASED ON TOR WHEN Pfea = 0 AND α = 0.5. “NL” AND “CD” DENOTE THE NONDOMINATION LEVEL AND

THE CROWDING DISTANCE OF A SOLUTION, RESPECTIVELY. IN ADDITION, THE BEST FIVE SOLUTIONS ARE HIGHLIGHTED IN GRAY AFTER ALL THE
SOLUTIONS ARE SORTED BASED ON CDP (I.E., Rc

i ) OR TOR (I.E., fiti).

A B C D E F G H I J
(f1,f2) (0.05, 1.128) (0.249, 1.25) (0.495, 1.278) (0.668, 1.072) (0.823, 1.177) (0.9282, 0.925) (1.078, 0.981) (1.229, 0.583) (1.521, 0.386) (1.368, 0.055)
Rci 7 9 6 2 5 1 4 3 10 8

(NL, CD) (7, ∞) (9, ∞) (6, ∞) (2, ∞) (5, ∞) (1, ∞) (4, ∞) (3, ∞) (10, ∞) (8, ∞)
Rpi 1 6 10 4 9 5 8 3 7 2

(NL, CD) (1, ∞) (2, ∞) (2, 0.647) (1, 1.135) (2, 0.88) (1, 1.05) (2, 1.489) (1, 1.256) (2, ∞) (1, ∞)
fiti 3.9 6.9 7 2.6 6.1 2.5 5.2 2.7 7.8 4.8

TABLE II
SIMULATION OF THE SOLUTION SELECTION BASED ON TOR WHEN Pfea = 0.4 AND α = 0.7. “NL” AND “CD” DENOTE THE NONDOMINATION LEVEL

AND THE CROWDING DISTANCE OF A SOLUTION, RESPECTIVELY. IN ADDITION, THE BEST FIVE SOLUTIONS ARE HIGHLIGHTED IN GRAY AFTER ALL THE
SOLUTIONS ARE SORTED BASED ON CDP (I.E., Rc

i ) OR TOR (I.E., fiti).

A B C D E F G H I J
(f1,f2) (0.034, 0.845) (0.195, 0.819) (0.278, 0.971) (0.296, 0.754) (0.415, 0.862) (0.574, 0.637) (0.764, 0.665) (0.865, 0.263) (1.018, 0.195) (1.1, 0.036)
Rci 1 10 9 7 3 2 4 6 8 5

(NL, CD) (1, ∞) (8, ∞) (7, ∞) (5, ∞) (2, ∞) (1, ∞) (2, ∞) (4, ∞) (6, ∞) (3, ∞)
Rpi 1 7 8 5 10 3 9 4 6 2

(NL, CD) (1, ∞) (1, 0.353) (2, ∞) (1, 0.561) (2, 0.792) (1, 1.06) (2, ∞) (1, 0.886) (1, 0.462) (1, ∞)
fiti 1 9.1 8.7 6.4 5.1 2.3 5.5 5.4 7.4 4.1

TABLE III
SIMULATION OF THE SOLUTION SELECTION BASED ON TOR WHEN Pfea = 0.8 AND α = 0.9. “NL” AND “CD” DENOTE THE NONDOMINATION LEVEL

AND THE CROWDING DISTANCE OF A SOLUTION, RESPECTIVELY. IN ADDITION, THE BEST FIVE SOLUTIONS ARE HIGHLIGHTED IN GRAY AFTER ALL THE
SOLUTIONS ARE SORTED BASED ON CDP (I.E., Rc

i ) OR TOR (I.E., fiti).

A B C D E F G H I J
(f1,f2) (0.035, 0.829) (0.164, 0.791) (0.415, 0.748) (0.523, 0.63) (0.575, 0.597) (0.675, 0.517) (0.8, 0.38) (0.882, 0.334) (0.961, 0.137) (1.014, 0.05)
Rci 1 10 3 7 8 5 6 4 9 2

(NL, CD) (1, ∞) (3, ∞) (1, 0.52) (1, 0.311) (1, 0.265) (1, 0.442) (1, 0.39) (1, 0.404) (2, ∞) (1, ∞)
Rpi 1 4 3 9 10 5 8 7 6 2

(NL, CD) (1, ∞) (1, 0.461) (1, 0.52) (1, 0.311) (1, 0.265) (1, 0.442) (1, 0.39) (1, 0.404) (1, 0.416) (1, ∞)
fiti 1 9.4 3 7.2 8.2 5 6.2 4.3 8.7 2

for the next generation (Step 11). The above procedure repeats
until the maximum generation number is reached.

B. Analysis of Principle

In order to analyze the principle of ToR, we designed
an artificial scenario in which the feasible region comprises
of three discrete parts as shown in Fig. 1. In addition, we
considered the following three cases: Pfea = 0 and α = 0.5,
Pfea = 0.4 and α = 0.7, and Pfea = 0.8 and α = 0.9.
Through these three cases, we intended to observe the behaviors
of ToR in the early, middle, and later stages of evolution.

In each case, we presented a hypothetical population with
ten candidate solutions (as shown in Fig. 1), and simulated the
selection process of ToR (as shown in Tables I–III), with
the goal of choosing the best five solutions (i.e., the five
black points in Fig. 1). In Tables I–III, the nondomination
level and the crowding distance of each solution are provided
by Algorithm 1 or Algorithm 2, and the best five solutions
selected by CDP or ToR are highlighted in gray. Note that, in
each nondomination level, the solutions that have the maximal
or minimal objective values, called extreme solutions, are
assigned the maximal value in terms of the crowding distance
(marked by “∞”). Thus, if the number of solutions in a certain
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nondomination level is no more than 2, all their crowding
distances will be “∞”.

As shown in Fig. 1(a), there is no feasible solution in the
population and α = 0.5. If CDP is adopted, D, E, F , G, and
H are selected, since they are relatively close to the feasible
region. This will cause the convergence toward the main part
of the feasible region, ignoring the other two disjoint parts. In
contrast, as demonstrated in Table I, A, D, F , H , and G are
selected based on ToR, where A and J have the potential to
approach the disjoint parts of the feasible region.

From Table II, ToR can preserve some promising infeasible
solutions, such as H . As plotted in Fig. 1(b), H is beneficial
to find the Pareto optimal solutions located on the boundary of
the feasible region. Note, however, that H is discarded when
the population is sorted by CDP.

As shown in Fig. 1(c), most of solutions have become
feasible and α increases to 0.9. In this case, ToR is similar
to CDP, and only feasible solutions can be preserved. From
Table III, we can observe that, if all the feasible solutions
are nondominated, they will be sorted based on the crowding
distance. Thus, the diversity of the population is maintained.

In summary, due to the population sorting based on Pareto
dominance, ToR is able to utilize the information of objectives,
thus saving some promising infeasible solutions. These infea-
sible solutions are useful to explore new areas of the feasible
region and to approach the Pareto optimal solutions located on
the boundary of the feasible region from the infeasible side. As
Pfea approaches to 1, ToR is similar to CDP, which ensures
the sufficient number of feasible solutions. This characteristic
is very important for constrained multiobjective optimization
since infeasible solutions are undesirable in the end.

C. Computational Time Complexity

In this subsection, the computational time complexity of
ToR-NSGA-II in Algorithm 3 is analyzed to ascertain whether
ToR causes significantly extra computational time complexity
with respect to the original NSGA-II.

For NSGA-II, the basic operation is the comparison among
objective vectors. As pointed out in [11], the nondominated
sorting requires m(2N)2 comparisons. In addition, the worst
case of calculating the crowding distance happens when all
of the solutions in the population are nondominated, which
requires no more than m(2N)2 comparisons. Thus, NSGA-II
consumes 8mN2 basic operations in the worst case. Therefore,
its computational time complexity is O(mN2).

For ToR-NSGA-II, the basic operation is also the comparison
among objective vectors in Algorithm 1 and Algorithm
2. Similar to NSGA-II, the nondominated sorting requires
m(2N)2 comparisons. Within each nondomination level, the
crowding distance of each solution is calculated. Here, suppose
that there are K levels and the numbers of solutions in each
level are N1, N2, . . . , NK , respectively, which satisfy N=N1+
N2+· · ·+NK . Due to the fact that N2

1 +N2
2 + · · ·+N2

K ≤ N2,
the calculation of crowding distance requires totally

K∑
i=1

m(2Ni)
2 ≤ 4mN2 (8)

comparisons in the worst case. Thus, Algorithm 1 and
Algorithm 2 consume 8mN2 basic operations in the worst
case. Therefore, the computational time complexity of ToR-
NSGA-II is O(mN2), the same with NSGA-II.

IV. EXPERIMENTAL STUDY

In this section, we compared ToR with six representative
CHTs on three test suites, i.e., MW [17], NCTP [50], and
CTP [51]. These CHTs were CDP [11], self-adaptive penalty
function [28], stochastic ranking [33], ε constrained method
[36], the multiobjective optimization-based method in [43], and
adaptive tradeoff model [49]. To ensure a fair comparison, they
were combined with the original NSGA-II, forming six different
CMOEAs, i.e., CDP-NSGA-II, SP-NSGA-II, SR-NSGA-II, ε-
NSGA-II, MO-NSGA-II, and ATM-NSGA-II.

Remark 1: MW is a test suite proposed by Ma and Wang [17]
very recently. For the sake of clarity, our discussions in this
paper were based on the classification of CMOPs introduced
in [17]. Specifically, in [17], CMOPs were classified into four
types according to the relationship between the constrained PF
and the unconstrained PF: on Type I, the constrained PF is the
same with the unconstrained PF; on Type II, the constrained PF
is a part of the unconstrained PF; on Type III, the constrained
PF consists of a part of the unconstrained PF and a part of the
boundary of the feasible region; and on Type IV, the constrained
PF is entirely derived from the boundary of the feasible region.

A. Performance Metrics

In our experiments, we used three metrics to assess the
performance of different algorithms, namely, maximum spread
(MS) [52], generational distance (GD) [53], and inverted
generational distance (IGD) [54]. Note that, the definitions
of these metrics are based on two sets: P , the set of feasible
solutions in an obtained approximation of the constrained PF,
and P∗, the set of representative points evenly distributed on
the constrained PF.

The MS metric is defined as follows:

MS =

√√√√ 1

m

m∑
k=1

[
min(P∗k ,Pk)−max(P∗k ,Pk)

P∗k − P∗k

]2
(9)

where P∗k and P∗k are the maximum and minimum of the kth
objective in P∗, respectively, and Pk and Pk are the maximum
and minimum of the kth objective in P , respectively. A larger
MS value indicates better coverage of the constrained PF.

The GD metric is formulated as follows:

GD =

∑
i∈P d(i,P∗)
|P|

(10)

where |P| is the cardinality of P , and d(i,P∗) is the minimal
Euclidean distance between the ith member in P and all the
members in P∗. The smaller the GD value, the better the
performance of convergence.

The IGD metric is calculated as follows:

IGD =

∑
i∈P∗ d(i,P)

|P∗|
(11)
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TABLE IV
STATISTICS OF THE IGD METRIC OBTAINED BY SEVEN CHTS UNDER THE FRAMEWORK OF NSGA-II ON MW TEST SUITE, WHERE “AVG” AND “STD
DEV” ARE THE AVERAGE AND STANDARD DEVIATION OF THE IGD VALUES OVER 100 INDEPENDENT RUNS, RESPECTIVELY. THE BEST RESULT FOR
EACH TEST PROBLEM AMONG THE SEVEN COMPARED ALGORITHMS IS HIGHLIGHTED IN BOLDFACE. THE WILCOXON’S RANK SUM TEST AT A 0.05

SIGNIFICANCE LEVEL IS PRESENTED, WHERE “+”, “≈”, AND “−” DENOTE THAT TOR-NSGA-II PERFORMS BETTER THAN, SIMILAR TO, AND WORSE
THAN THE LABELED ALGORITHM, RESPECTIVELY.

Type Prob. Statistics CDP-NSGA-II SP-NSGA-II SR-NSGA-II ε-NSGA-II MO-NSGA-II ATM-NSGA-II ToR-NSGA-II

I

MW2
Avg 2.511E-02 ≈ 2.155E-02 ≈ 2.950E-02 + 2.141E-02 − 2.478E-02 ≈ 2.467E-02 ≈ 2.487E-02

(± Std Dev) (± 1.344E-02) (± 8.957E-03) (± 1.653E-02) (± 1.323E-02) (± 1.066E-02) (± 1.006E-02) (± 1.411E-02)

MW4
Avg 5.683E-02 ≈ 5.674E-02 ≈ 5.974E-02 + 5.670E-02 ≈ 5.675E-02 ≈ 5.649E-02 ≈ 5.668E-02

(± Std Dev) (± 3.436E-03) (± 2.458E-03) (± 2.822E-03) (± 2.667E-03) (± 2.040E-03) (± 2.411E-03) (± 2.372E-03)

MW14
Avg 1.366E-01 ≈ 1.355E-01 ≈ 2.467E-01 + 1.353E-01 ≈ 1.385E-01 ≈ 1.344E-01 ≈ 1.346E-01

(± Std Dev) (± 1.422E-02) (± 1.106E-02) (± 1.274E-01) (± 8.632E-03) (± 2.387E-02) (± 8.287E-03) (± 8.597E-03)

II

MW1
Avg 1.089E-02 ≈ 1.426E-02 ≈ 9.847E-03 − 8.931E-03 − 1.383E-02 + 1.577E-02 ≈ 1.167E-02

(± Std Dev) (± 1.341E-02) (± 3.168E-02) (± 2.574E-02) (± 2.922E-02) (± 1.920E-02) (± 2.760E-02) (± 2.044E-02)

MW5
Avg 1.987E-01 + 1.168E-01 + 4.992E-02 + 1.545E-01 + 5.094E-02 + 1.377E-01 + 3.503E-02

(± Std Dev) (± 2.513E-01) (± 2.069E-01) (± 1.169E-01) (± 1.040E-01) (± 5.404E-02) (± 2.117E-01) (± 3.421E-02)

MW6
Avg 9.985E-02 + 4.432E-02 ≈ 1.481E-01 + 2.505E-02 − 1.061E-01 + 9.554E-02 ≈ 4.119E-02

(± Std Dev) (± 1.446E-01) (± 7.928E-02) (± 1.704E-01) (± 1.518E-02) (± 1.532E-01) (± 1.453E-01) (± 6.554E-02)

MW8
Avg 7.480E-02 + 7.546E-02 + 7.963E-02 + 6.786E-02 ≈ 7.118E-02 + 7.061E-02 ≈ 6.542E-02

(± Std Dev) (± 1.986E-02) (± 2.864E-02) (± 2.409E-02) (± 1.923E-02) (± 1.662E-02) (± 2.467E-02) (± 1.596E-02)

III

MW3
Avg 2.571E-02 ≈ 7.006E-03 ≈ 2.241E-02 + 8.841E-03 − 4.435E-02 + 1.756E-02 ≈ 1.670E-02

(± Std Dev) (± 9.521E-02) (± 1.074E-02) (± 9.206E-02) (± 2.621E-03) (± 1.576E-01) (± 3.148E-02) (± 3.059E-02)

MW7
Avg 5.708E-02 + 7.644E-03 − 1.704E-02 + 7.331E-02 + 8.957E-03 + 8.183E-02 + 8.768E-03

(± Std Dev) (± 1.349E-01) (± 1.193E-02) (± 2.166E-02) (± 2.140E-02) (± 1.380E-02) (± 1.515E-01) (± 1.464E-02)

MW10
Avg 1.705E-01 + 1.329E-01 + 1.092E-01 + 7.077E-02 + 1.112E-01 + 1.420E-01 + 4.607E-02

(± Std Dev) (± 1.655E-01) (± 1.453E-01) (± 1.154E-01) (± 9.887E-02) (± 1.168E-01) (± 1.526E-01) (± 3.926E-02)

MW13
Avg 1.926E-01 ≈ 1.911E-01 + 2.626E-01 + 2.869E-01 + 2.899E-01 + 2.259E-01 ≈ 1.721E-01

(± Std Dev) (± 1.384E-01) (± 3.114E-01) (± 1.716E-01) (± 2.315E-01) (± 1.684E-01) (± 2.137E-01) (± 8.094E-02)

IV

MW9
Avg 2.163E-02 + 3.044E-02 ≈ 5.473E-02 + 3.781E-01 + 1.540E-02 + 2.777E-02 + 1.385E-02

(± Std Dev) (± 1.121E-02) (± 9.439E-02) (± 8.452E-02) (± 2.132E-01) (± 3.682E-03) (± 4.697E-02) (± 3.495E-03)

MW11
Avg 5.880E-01 + 5.343E-01 + 6.065E-01 + 4.552E-01 + 1.666E-01 ≈ 6.200E-01 + 1.314E-01

(± Std Dev) (± 1.853E-01) (± 2.122E-01) (± 1.768E-01) (± 2.687E-01) (± 1.971E-01) (± 1.803E-01) (± 1.363E-01)

MW12
Avg 5.756E-02 + 1.709E-02 ≈ 4.984E-02 + 1.756E-02 + 1.322E-02 + 5.178E-02 + 5.864E-03

(± Std Dev) (± 1.013E-01) (± 5.516E-02) (± 1.122E-01) (± 1.621E-02) (± 5.378E-02) (± 8.079E-02) (± 2.118E-03)
+/ ≈ /− 8/6/0 5/8/1 13/0/1 7/3/4 10/4/0 6/8/0 /

where |P∗| is the cardinality of P∗, and d(i,P) is the minimal
Euclidean distance between the ith member in P∗ and all
the members in P . If |P∗| is large enough to well represent
the constrained PF, IGD can measure both the diversity and
convergence of P . It is apparent that a smaller value of IGD
indicates better performance of an algorithm.

B. Parameter Settings
The experiments were implemented based on the following

parameter settings:
• Number of independent runs: 100;
• Maximal generation number: tmax = 500;
• Population size: N = 100;
• Number of decision variables: n = 15;
• Number of objectives for the test problems which are

scalable in terms of objectives: m = 3.
All the compared CMOEAs used the simulated binary

crossover (SBX) [11] and polynomial mutation (PM) [11]
as the reproduction operators:
• SBX: the crossover probability pc = 0.9 and the distribu-

tion index ηc = 20;
• PM: the mutation probability pm = 1/n and the distribu-

tion index ηm = 20.
Besides, for better solving CMOPs with small feasibility

ratios, we tuned the parameters of ε constrained method [36]
as follows:

• θ = 0.1NP and Tc = 0.6tmax;
• cp = (−5− log ε0)/ log(0.05), as suggested in [39].
The results over 100 independent runs are summarized in

Tables S-I–S-VI of the supplementary file and Tables IV–
VI. The best result for each test problem was highlighted in
boldface. To detect the statistical significance, the Wilcoxon’s
rank sum test at a 0.05 significance level was implemented
between ToR-NSGA-II and the six compared CMOEAs on
each test problem.

C. Experimental Results on MW Test Suite

First, ToR was compared with the six representative CHTs
on MW test suite [17] under the framework of NSGA-II. Table
S-I and Table S-II in the supplementary file, and Table IV
present the results in terms of MS, GD, and IGD, respectively.

As shown in Table S-I, ToR-NSGA-II and ε-NSGA-II
perform better than others in terms of MS on most of MW
test problems. Specifically, ToR-NSGA-II achieves the best
on MW5, MW7, MW9-MW12, and MW14 that are mainly
Type-III and Type-IV CMOPs; and ε-NSGA-II obtains the
best results on MW1-MW4, MW6 and MW8 that are mainly
Type-I and Type-II CMOPs. In addition, MO-NSGA-II and SP-
NSGA-II show promising performance on MW5 and MW13,
respectively. From the Wilcoxon’s rank sum test, we can find
that ToR-NSGA-II is significantly better than CDP-NSGA-II,
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TABLE V
STATISTICS OF THE IGD METRIC OBTAINED BY SEVEN CHTS UNDER THE FRAMEWORK OF NSGA-II ON NCTP TEST SUITE, WHERE “AVG” AND “STD

DEV” ARE THE AVERAGE AND STANDARD DEVIATION OF THE IGD VALUES OVER 100 INDEPENDENT RUNS, RESPECTIVELY. THE BEST RESULT FOR
EACH TEST PROBLEM AMONG THE SEVEN COMPARED ALGORITHMS IS HIGHLIGHTED IN BOLDFACE. THE WILCOXON’S RANK SUM TEST AT A 0.05

SIGNIFICANCE LEVEL IS PRESENTED, WHERE “+”, “≈”, AND “−” DENOTE THAT TOR-NSGA-II PERFORMS BETTER THAN, SIMILAR TO, AND WORSE
THAN THE LABELED ALGORITHM, RESPECTIVELY.

Type Prob. Statistics CDP-NSGA-II SP-NSGA-II SR-NSGA-II ε-NSGA-II MO-NSGA-II ATM-NSGA-II ToR-NSGA-II

IV

NCTP1
Avg 1.284E-01 + 1.560E-01 + 1.149E-01 + 1.597E-01 + 1.889E-01 + 1.211E-01 + 1.058E-01

(± Std Dev) (± 7.426E-02) (± 3.870E-01) (± 5.684E-02) (± 1.653E-01) (± 4.009E-01) (± 6.033E-02) (± 5.871E-02)

NCTP2
Avg 4.540E-01 ≈ 4.271E-01 ≈ 3.803E-01 ≈ 5.550E-01 + 5.921E-01 + 4.255E-01 ≈ 5.200E-01

(± Std Dev) (± 4.659E-01) (± 2.822E-01) (± 3.567E-01) (± 5.118E-01) (± 6.426E-01) (± 4.401E-01) (± 6.407E-01)

NCTP3
Avg 2.689E-01 + 2.120E-01 ≈ 2.675E-01 + 3.491E-01 + 4.701E-01 + 2.679E-01 + 1.702E-01

(± Std Dev) (± 3.738E-01) (± 2.030E-01) (± 3.291E-01) (± 3.025E-01) (± 4.039E-01) (± 2.412E-01) (± 1.729E-01)

NCTP4
Avg 3.083E-01 + 1.684E-01 + 2.420E-01 + 1.333E-01 + 2.066E-01 + 1.821E-01 + 1.058E-01

(± Std Dev) (± 6.936E-01) (± 3.199E-01) (± 5.414E-01) (± 5.868E-02) (± 4.500E-01) (± 3.319E-01) (± 5.299E-02)

NCTP5
Avg 4.600E-01 + 4.261E-01 + 5.076E-01 + 4.205E-01 + 4.268E-01 + 4.449E-01 + 3.353E-01

(± Std Dev) (± 4.779E-01) (± 4.927E-01) (± 5.244E-01) (± 3.696E-01) (± 3.080E-01) (± 3.205E-01) (± 2.458E-01)

NCTP6
Avg 4.478E-01 + 3.945E-01 + 4.786E-01 + 3.842E-01 + 4.334E-01 + 4.534E-01 + 2.179E-01

(± Std Dev) (± 4.367E-01) (± 3.942E-01) (± 6.537E-01) (± 4.115E-01) (± 4.202E-01) (± 4.226E-01) (± 2.239E-01)

III

NCTP7
Avg 3.672E-02 − 3.670E-02 − 5.757E-02 + 3.773E-02 − 4.138E-02 + 3.765E-02 − 3.906E-02

(± Std Dev) (± 1.968E-03) (± 2.082E-03) (± 3.395E-02) (± 2.403E-03) (± 4.571E-02) (± 8.482E-03) (± 2.791E-03)

NCTP8
Avg 1.397E-01 + 9.940E-02 − 1.763E-01 + 1.960E-01 ≈ 1.817E-01 ≈ 1.068E-01 − 1.129E-01

(± Std Dev) (± 2.600E-01) (± 1.038E-01) (± 3.174E-01) (± 3.376E-01) (± 3.088E-01) (± 1.244E-01) (± 1.049E-01)

NCTP9
Avg 7.209E-02 + 4.806E-02 ≈ 1.022E-01 + 1.222E-01 + 2.782E-01 + 8.868E-02 + 3.753E-02

(± Std Dev) (± 1.666E-01) (± 7.481E-02) (± 4.665E-01) (± 1.720E-01) (± 6.615E-01) (± 1.684E-01) (± 9.162E-02)

NCTP10
Avg 8.179E-02 + 8.064E-02 + 9.435E-02 + 1.643E-01 + 7.974E-02 + 1.807E-01 + 3.924E-02

(± Std Dev) (± 4.257E-01) (± 4.292E-01) (± 4.239E-01) (± 7.292E-01) (± 4.253E-01) (± 7.422E-01) (± 3.125E-03)

NCTP11
Avg 1.922E-01 ≈ 2.627E-01 ≈ 1.994E-01 ≈ 3.132E-01 ≈ 2.725E-01 ≈ 1.233E-01 − 1.487E-01

(± Std Dev) (± 4.562E-01) (± 6.602E-01) (± 4.795E-01) (± 8.433E-01) (± 7.443E-01) (± 1.667E-01) (± 2.348E-01)

NCTP12
Avg 1.890E-01 + 1.414E-01 + 3.390E-01 + 1.604E-01 + 2.219E-01 + 1.992E-01 + 1.193E-01

(± Std Dev) (± 4.611E-01) (± 4.445E-01) (± 8.448E-01) (± 4.525E-01) (± 6.192E-01) (± 6.128E-01) (± 6.044E-01)

I

NCTP13
Avg 1.672E-02 ≈ 1.694E-02 ≈ 2.160E-02 + 1.705E-02 ≈ 1.723E-02 ≈ 1.711E-02 ≈ 1.778E-02

(± Std Dev) (± 1.526E-03) (± 1.559E-03) (± 2.580E-03) (± 1.689E-03) (± 1.474E-03) (± 1.472E-03) (± 9.018E-03)

NCTP14
Avg 1.725E-02 ≈ 1.723E-02 ≈ 2.186E-02 + 1.750E-02 ≈ 2.059E-02 ≈ 1.695E-02 ≈ 1.852E-02

(± Std Dev) (± 1.550E-03) (± 1.752E-03) (± 2.144E-03) (± 1.692E-03) (± 3.056E-02) (± 1.718E-03) (± 1.152E-02)

NCTP15
Avg 1.692E-02 ≈ 1.712E-02 ≈ 2.816E-02 + 1.755E-02 ≈ 2.062E-02 ≈ 2.125E-02 ≈ 1.730E-02

(± Std Dev) (± 1.513E-03) (± 1.501E-03) (± 4.490E-02) (± 2.190E-03) (± 3.907E-02) (± 4.363E-02) (± 1.770E-03)

NCTP16
Avg 1.677E-02 ≈ 1.709E-02 ≈ 2.088E-02 + 1.668E-02 ≈ 1.787E-02 ≈ 1.689E-02 ≈ 1.727E-02

(± Std Dev) (± 1.812E-03) (± 1.479E-03) (± 2.253E-03) (± 1.431E-03) (± 9.041E-03) (± 1.492E-03) (± 4.602E-03)

NCTP17
Avg 1.709E-02 ≈ 1.721E-02 ≈ 2.188E-02 + 1.744E-02 ≈ 1.696E-02 − 1.720E-02 ≈ 1.753E-02

(± Std Dev) (± 1.814E-03) (± 1.857E-03) (± 2.596E-03) (± 2.728E-03) (± 1.648E-03) (± 1.487E-03) (± 1.626E-03)

NCTP18
Avg 1.727E-02 ≈ 1.711E-02 ≈ 2.165E-02 + 1.726E-02 ≈ 1.724E-02 ≈ 1.871E-02 ≈ 1.708E-02

(± Std Dev) (± 2.882E-03) (± 1.584E-03) (± 2.571E-03) (± 1.734E-03) (± 1.739E-03) (± 1.269E-02) (± 1.942E-03)
+/ ≈ /− 9/8/1 6/10/2 16/2/0 9/8/1 10/7/1 8/7/3 /

SP-NSGA-II, SR-NSGA-II, ε-NSGA-II, MO-NSGA-II, and
ATM-NSGA-II on ten, seven, 12, five, six, and nine test
problems, respectively. However, except that ε-NSGA-II is
better than ToR-NSGA-II on five test problems, the other five
compared algorithms surpass ToR-NSGA-II on less than two
test problems.

From Table S-II, ε-NSGA-II performs the best in terms of
GD on nine MW test problems (i.e., MW1–MW4, MW6, MW7,
MW9, MW12, and MW14). For the rest of test problems, ToR-
NSGA-II outperforms the six competitors on MW8 and MW10;
and CDP-NSGA-II, ATM-NSGA-II, and SP-NSGA-II are the
best algorithms on MW5, MW11, and MW13, respectively.
However, the Wilcoxon’s rank sum test shows that ToR-NSGA-
II is competitive with ε-NSGA-II and more promising than
other competitors. To be specific, ToR-NSGA-II is better than
CDP-NSGA-II, SP-NSGA-II, SR-NSGA-II, ε-NSGA-II, MO-
NSGA-II, and ATM-NSGA-II on five, five, 11, four, seven, and
five test problems, respectively. Additionally, ToR-NSGA-II is
worse than them on only three, three, two, five, one, and two

test problems, respectively.
It can be observed from Table IV that ToR-NSGA-II obtains

the best results in terms of IGD on seven MW test problems,
including two out of four Type-II cases (i.e., MW5 and MW8),
two out of four Type-III cases (i.e., MW10 and MW13), and
all of three Type-IV cases (i.e., MW9, MW11, and MW12).
ε-NSGA-II wins on MW1, MW2, and MW6 that are mainly
Type-II CMOPs; SP-NSGA-II is highly competitive on Type III
and beats others on MW3 and MW7; and ATM-NSGA-II shows
promising performance on MW4 and MW14 that belong to
Type I. The Wilcoxon’s rank sum test confirms that ToR-NSGA-
II is better than CDP-NSGA-II, SP-NSGA-II, SR-NSGA-II, ε-
NSGA-II, MO-NSGA-II, and ATM-NSGA-II on eight, five, 13,
seven, ten, and six test problems, respectively. However, ToR-
NSGA-II is worse than SP-NSGA-II, SR-NSGA-II, ε-NSGA-II
on only one, one, and four test problems, respectively.

In summary, ToR-NSGA-II is able to provide well-converged
and well-distributed sets of feasible solutions on MW test
problems of Types II, III, and IV. This is mainly attributed to
the fact that the population diversity is improved by introducing



9

TABLE VI
STATISTICS OF THE IGD METRIC OBTAINED BY SEVEN CHTS UNDER THE FRAMEWORK OF NSGA-II ON CTP TEST SUITE, WHERE “AVG” AND “STD
DEV” ARE THE AVERAGE AND STANDARD DEVIATION OF THE IGD VALUES OVER 100 INDEPENDENT RUNS, RESPECTIVELY. THE BEST RESULT FOR
EACH TEST PROBLEM AMONG THE SEVEN COMPARED ALGORITHMS IS HIGHLIGHTED IN BOLDFACE. THE WILCOXON’S RANK SUM TEST AT A 0.05

SIGNIFICANCE LEVEL IS PRESENTED, WHERE “+”, “≈”, AND “−” DENOTE THAT TOR-NSGA-II PERFORMS BETTER THAN, SIMILAR TO, AND WORSE
THAN THE LABELED ALGORITHM, RESPECTIVELY.

Type Prob. Statistics CDP-NSGA-II SP-NSGA-II SR-NSGA-II ε-NSGA-II MO-NSGA-II ATM-NSGA-II ToR-NSGA-II

III CTP1
Avg 1.545E-01 ≈ 1.624E-01 ≈ 1.923E-01 + 1.599E-01 ≈ 1.188E-01 − 1.586E-01 ≈ 1.589E-01

(± Std Dev) (± 3.573E-01) (± 4.105E-01) (± 3.762E-01) (± 4.006E-01) (± 4.163E-01) (± 4.002E-01) (± 4.040E-01)

IV

CTP2
Avg 6.766E-02 ≈ 7.158E-02 ≈ 6.947E-02 ≈ 6.846E-02 ≈ 6.442E-02 ≈ 4.608E-02 ≈ 7.271E-02

(± Std Dev) (± 4.101E-01) (± 3.931E-01) (± 3.968E-01) (± 3.973E-01) (± 3.947E-01) (± 2.654E-01) (± 3.947E-01)

CTP3
Avg 2.644E-01 ≈ 2.392E-01 ≈ 3.190E-01 ≈ 2.863E-01 ≈ 2.777E-01 ≈ 2.697E-01 ≈ 2.526E-01

(± Std Dev) (± 4.147E-01) (± 4.227E-01) (± 5.758E-01) (± 4.252E-01) (± 3.506E-01) (± 4.221E-01) (± 3.832E-01)

CTP4
Avg 4.103E-01 ≈ 3.753E-01 ≈ 3.998E-01 ≈ 3.691E-01 − 3.979E-01 ≈ 3.980E-01 ≈ 4.232E-01

(± Std Dev) (± 3.452E-01) (± 3.812E-01) (± 4.097E-01) (± 4.240E-01) (± 4.234E-01) (± 3.898E-01) (± 4.132E-01)

CTP5
Avg 6.943E-02 ≈ 6.362E-02 − 8.323E-02 ≈ 6.871E-02 ≈ 6.440E-02 − 6.238E-02 ≈ 7.284E-02

(± Std Dev) (± 3.787E-01) (± 3.810E-01) (± 4.005E-01) (± 3.856E-01) (± 3.810E-01) (± 2.982E-01) (± 3.842E-01)

CTP6
Avg 2.734E+00 + 3.149E+00 + 2.891E+00 + 3.318E+00 + 3.285E+00 + 2.948E+00 + 2.443E+00

(± Std Dev) (± 2.650E+00) (± 2.856E+00) (± 2.770E+00) (± 2.767E+00) (± 2.858E+00) (± 2.776E+00) (± 2.540E+00)

CTP8
Avg 4.623E+00 ≈ 4.166E+00 ≈ 4.160E+00 ≈ 4.713E+00 ≈ 5.054E+00 + 4.471E+00 ≈ 4.132E+00

(± Std Dev) (± 2.638E+00) (± 2.906E+00) (± 2.712E+00) (± 2.525E+00) (± 2.532E+00) (± 2.683E+00) (± 2.397E+00)

II CTP7
Avg 9.913E-02 ≈ 8.837E-02 ≈ 1.528E-01 + 1.108E-01 + 1.744E-01 + 1.107E-01 + 4.873E-02

(± Std Dev) (± 4.512E-01) (± 4.322E-01) (± 6.386E-01) (± 4.547E-01) (± 6.494E-01) (± 4.557E-01) (± 9.758E-02)
+/ ≈ /− 1/7/0 1/6/1 3/5/0 2/5/1 3/3/2 2/6/0 /

the information of objectives, which is also verified by the
results in terms of MS. More importantly, ToR-NSGA-II is
capable of preserving some promising infeasible solutions in
the search process. They are useful for the population to cover
the discontinuous parts of the feasible region on Type-II cases
and to approximate the Pareto optimal solutions located on the
boundary of the feasible region from the infeasible side on
Type-IV cases. Since the constrained PF of a Type-III CMOP
comes partially from the boundary of the feasible region, ToR-
NSGA-II also achieves competitive results on Type III.

D. Experimental Results on NCTP Test Suite

Subsequently, ToR-NSGA-II was compared with six other
CMOEAs on NCTP test suite [50]. Table S-III and Table S-IV
in the supplementary file, and Table V provide the results in
terms of MS, GD, and IGD, respectively.

As listed in Table S-III, ToR-NSGA-II is the best algorithm in
terms of MS on 11 out of 18 NCTP test problems (i.e., NCTP1,
NCTP3-NCTP7, NCTP9, NCTP10, NCTP12, NCTP15, and
NCTP17) that are mainly Type-III and Type-IV CMOPs. Thus,
ToR-NSGA-II can provide wider coverage of the constrained
PFs in most cases. For the rest of test problems, ATM-NSGA-
II outperforms others on NCTP8, NCTP11, and NCTP16; ε-
NSGA-II obtains the best results on NCTP13 and NCTP14; and,
SR-NSGA-II and MO-NSGA-II perform the best on NCTP2
and NCTP18, respectively. In addition, the Wilcoxon’s rank
sum test also supports the above observations: ToR-NSGA-
II is significantly better than CDP-NSGA-II, SP-NSGA-II,
SR-NSGA-II, ε-NSGA-II, MO-NSGA-II, and ATM-NSGA-II
on 12, nine, 13, 11, 12, and nine test problems, respectively.
However, ToR-NSGA-II is worse than CDP-NSGA-II, SP-
NSGA-II, SR-NSGA-II, and ATM-NSGA-II on only one, one,
two, and one test problem, respectively.

From Table S-IV, it can be seen that the results in terms of
GD are quite divergent on NCTP test problems. To be specific,

ToR-NSGA-II shows better performance of convergence on
NCTP6, NCTP9, and NCTP10; ε-NSGA-II converges to
the constrained PFs well on NCTP1, NCTP3-NCTP5, and
NCTP17; SP-NSGA-II has a better ability of convergence on
NCTP2, NCTP8, and NCTP12; SR-NSGA-II can push the
population closer to the constrained PFs on NCTP13-NCTP16
and NCTP18; and ATM-NSGA-II achieves better convergence
on NCTP7 and NCTP11. According to the Wilcoxon’s rank
sum test, ToR-NSGA-II obtains competitive results in terms of
GD. It is better than CDP-NSGA-II, SP-NSGA-II, SR-NSGA-
II, ε-NSGA-II, MO-NSGA-II, and ATM-NSGA-II on three,
four, eight, two, seven, and three test problems, respectively.
And, it is similar to the six competitors on 11, 12, three, 12,
ten, and 12 cases, respectively.

Table V shows that ToR-NSGA-II outperforms the six
competitors in terms of IGD on nine NCTP test problems
(i.e., NCTP1, NCTP3-NCTP6, NCTP9, NCTP10, NCTP12, and
NCTP18), which clearly indicates that it is able to approximate
the constrained PFs well on Type-III and Type-IV CMOPs.
For the rest of test problems, CDP-NSGA-II shows promising
performance on NCTP13 and NCTP15; SP-NSGA-II is the
best algorithm on NCTP7 and NCTP8, and ATM-NSGA-II has
better results on NCTP11 and NCTP14. Besides, SR-NSGA-
II, ε-NSGA-II, and MO-NSGA-II win on NCTP2, NCTP16,
and NCTP17, respectively. From the Wilcoxon’s rank sum
test, ToR-NSGA-II is significantly better than CDP-NSGA-II,
SP-NSGA-II, SR-NSGA-II, ε-NSGA-II, MO-NSGA-II, and
ATM-NSGA-II on nine, six, 16, nine, ten, and eight test
problems, respectively. However, ToR-NSGA-II is worse than
the compared algorithms on no more than three test problems.

Similar to MW test suite, ToR-NSGA-II provides quite
encouraging approximations toward the constrained PFs on
NCTPs of Types III and IV, although it does not show
significant superiority on convergence. On Type-I NCTPs, the
results provided by the compared CHTs (including ToR) are
similar, as revealed by the Wilcoxon’s rank sum test. This is
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Fig. 2. Friedman’s test among the seven compared algorithms in terms of
IGD on all the test problems. The smaller the average ranking, the better the
performance of an algorithm.

because the Pareto optimal solutions of a Type-I NCTP are
located inside a continuous feasible region, and the population
is easy to enter the feasible region and becomes entirely feasible.
When the population is feasible, all the CHTs use objectives as
the comparison criterion, making the images of the population
converge toward the unconstrained PF. Due to the fact that the
constrained PF is the same with the unconstrained PF on Type
I, the compared CHTs perform similarly.

E. Experimental Results on CTP Test Suite

Finally, ToR-NSGA-II was compared with the six competi-
tors on CTP test suite [51]. Table S-V and Table S-VI in the
supplementary file, and Table VI give the results in terms of
MS, GD, and IGD, respectively.

Table S-V illustrates that all the CMOEAs perform similarly
in terms of MS on CTP test problems. ToR-NSGA-II outper-
forms others on CTP6 and CTP8; MO-NSGA-II obtains the
best results on CTP1 and CTP5; and SP-NSGA-II, SR-NSGA-
II, ε-NSGA-II, and ATM-NSGA-II surpass others on CTP3,
CTP7, CTP4, and CTP2, respectively. The Wilcoxon’s rank
sum test shows that ToR-NSGA-II has competitive performance
of coverage: it is better than CDP-NSGA-II, SP-NSGA-II, SR-
NSGA-II, ε-NSGA-II, MO-NSGA-II, and ATM-NSGA-II on
two, two, three, two, three, and two test problems, respectively.
While, it is worse than SR-NSGA-II, ε-NSGA-II, MO-NSGA-
II, and ATM-NSGA-II on one, one, two, and two test problems,
respectively.

From Table S-VI, ToR-NSGA-II achieves the best results in
terms of GD on three CTP test problems (i.e., CTP4, CTP6, and
CTP7); SP-NSGA-II outperforms its six competitors on CTP5
and CTP8; and ε-NSGA-II, CDP-NSGA-II, and ATM-NSGA-II
performs the best on CTP1, CTP2, and CTP3, respectively.
According to the Wilcoxon’s rank sum test, ToR-NSGA-II
is better than CDP-NSGA-II, SP-NSGA-II, SR-NSGA-II, ε-
NSGA-II, MO-NSGA-II, and ATM-NSGA-II on two, one, six,
three, seven, and one test problem, and is similar to CDP-
NSGA-II, SP-NSGA-II, SR-NSGA-II, ε-NSGA-II, and ATM-
NSGA-II on five, six, two, three, and six test problems, which
indicates that ToR-NSGA-II has competitive performance of
convergence.

As shown in Table VI, the case of IGD is quite similar to
that of MS. ToR-NSGA-II performs the best on CTP6, CTP7

and CTP8 that are three CMOPs with relatively small feasible
ratios in CTP test suite; ATM-NSGA-II is the best algorithm on
CTP2 and CTP5; and SP-NSGA-II achieves the best results on
CTP3. In addition, MO-NSGA-II and ε-NSGA-II approximate
the constrained PFs well on CTP1 and CTP4, respectively. The
Wilcoxon’s rank sum test indicates that the results obtained by
ToR-NSGA-II is competitive: it is better than CDP-NSGA-II,
SP-NSGA-II, SR-NSGA-II, ε-NSGA-II, MO-NSGA-II, and
ATM-NSGA-II on one, one, three, two, three, and two test
problems, respectively, and is similar to them on seven, six,
five, five, three, and six test problems, respectively.

Overall, ToR-NSGA-II shows superiorities on test problems
with relatively small feasibility ratios. It is because ToR uses
an adaptive parameter α related to the proportion of feasible
solutions in the population, which can balance constraints and
objectives in the search process. However, on CMOPs with
large feasible regions, all the individuals in the population are
easy to become feasible; thus, all the CHTs (including ToR)
are equivalent to CDP, which illustrates why the compared
algorithms have similar results on these CMOPs.

Remark 2: The Friedman’s test was implemented on all
the test problems in terms of IGD. It is evident from Fig. 2
that ToR-NSGA-II has the smallest average ranking, which
demonstrates that ToR shows better overall performance than
the other compared CHTs.

F. Graphical Views of Implementations

To study the performance of ToR graphically, Figs. S-1–S-8
in the supplementary file show the solution sets obtained by the
seven compared algorithms on MW5, MW9, MW10, NCTP3,
NCTP9, NCTP15, CTP1, and CTP4, respectively. For each
algorithm, the solution set with the median IGD value was
considered in the figure for each test problem.

From Figs. S-1–S-3, we can see that the solution sets
provided by ToR have better convergence and distribution
than the other compared algorithms on each MW test problem.
On MW5, ToR finds more discrete Pareto optimal solutions
than others; on MW9, ToR achieves better coverage of the
constrained PF which is located on the boundary of the feasible
region; and on MW10, the population of ToR is closer to the
Pareto optimal solutions than that of the other competitors.

As shown in Figs. S-4 and S-5, ToR provides better
approximations of the constrained PFs on NCTP3 and NCTP9,
whose constrained PFs are entirely/partially derived from the
boundaries of the feasible regions. In addition, it can be seen
from Fig. S-6 that all the compared methods perform similarly
on NCTP15, where the constrained PF is the same with the
unconstrained PF.

Finally, Figs. S-7 and S-8 verify that MO-NSGA-II and
ε-NSGA-II perform better than the other compared methods
on CTP1 and CTP4, respectively, which is consistent with the
results in Table VI.

G. Parameter Analysis

In order to verify the effectiveness of the adaptive setting
of α on the performance of ToR, we tested three fixed values
of α: 0.25, 0.5, and 0.75. ToR with α = 0.25, α = 0.5, and
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α = 0.75 is denoted as ToR-1, ToR-2, and ToR-3, respectively.
Table S-VII in the supplementary file lists the results in terms
of IGD on MW test suite. Note that, the results of ToR were
directly taken from Table IV.

It is evident from Table S-VII that, overall, ToR has better
performance than the three variants on MW test problems. The
performance of ToR-1 is worse than or similar to that of ToR
on all the types. This is because ToR-1 (i.e., α = 0.25) puts
less emphasis on constraints; thus, it is not able to provide
enough selection pressure and the convergence speed of the
population is slow.

On Type-II MW test problems, ToR-2 is better than ToR.
This is mainly attributed to the fact that the constrained PF of
a Type-II CMOP is only a part of the unconstrained PF. For
ToR-2 (i.e., α = 0.5), objectives and constraints are always
regarded as equally important. This property is helpful for
the image of the population to approach the unconstrained PF
while eliminating the infeasible solutions in the search process.

Besides, ToR-2 and ToR-3 are better than ToR on MW2.
Since the images of the Pareto optimal solutions of MW2 are
located on the unconstrained PF, giving more preference to
objectives throughout the whole evolution can promote the
convergence toward such Pareto optimal solutions.

The above discussions have validated that the adaptive setting
of α in this paper is more effective for ToR to solve different
types of CMOPs, compared with the fixed α.

V. CONCLUSION

When solving CMOPs by EAs, the CHTs play a critical role
in balancing constraints and objectives. This paper proposed a
novel CHT called ToR, which constructed a fitness function
with two rankings to achieve such a balance. By combining
the ranking based on CDP with the ranking based on Pareto
dominance in an adaptive way, ToR exhibited the advantages
of enhancing the diversity of the population and searching for
the Pareto optimal solutions on the boundary of the feasible
region from both the feasible and infeasible sides.

The effectiveness of ToR was extensively investigated on
three test suites and the results suggested that ToR showed
better performance than the six compared CHTs, especially
on CMOPs of Types III and IV (i.e., the constrained PF
partially/entriely comes from the boundary of the feasible
region). In addition, the parameter analysis confirmed that
the adaptive setting of α based on the proportion of feasible
solutions was better than the fixed settings.

The source code can be downloaded from Y. Wang’s
homepage: http://www.escience.cn/people/yongwang1
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Fig. S-5. Images of the feasible solutions (the black points) obtained by (a) CDP-NSGA-II, (b) SP-NSGA-II, (c) SR-NSGA-II, (d) ε-NSGA-II, (e) MO-NSGA-II,
(f) ATM-NSGA-II, and (g) ToR-NSGA-II with the median IGD value among 100 independent runs on MW9. The unconstrained PFs are shown in blue, the red
points are the images of the Pareto optimal solutions in the objective space, and the grey areas are the feasible region.
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Fig. S-6. Images of the feasible solutions (the black points) obtained by (a) CDP-NSGA-II, (b) SP-NSGA-II, (c) SR-NSGA-II, (d) ε-NSGA-II, (e) MO-NSGA-II,
(f) ATM-NSGA-II, and (g) ToR-NSGA-II with the median IGD value among 100 independent runs on NCTP15. The unconstrained PFs are shown in blue, the
red points are the images of the Pareto optimal solutions in the objective space, and the grey areas are the feasible region.
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Fig. S-7. Images of the feasible solutions (the black points) obtained by (a) CDP-NSGA-II, (b) SP-NSGA-II, (c) SR-NSGA-II, (d) ε-NSGA-II, (e) MO-NSGA-II,
(f) ATM-NSGA-II, and (g) ToR-NSGA-II with the median IGD value among 100 independent runs on CTP1. The unconstrained PFs are shown in blue, the red
points are the images of the Pareto optimal solutions in the objective space, and the grey areas are the feasible region.
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Fig. S-8. Images of the feasible solutions (the black points) obtained by (a) CDP-NSGA-II, (b) SP-NSGA-II, (c) SR-NSGA-II, (d) ε-NSGA-II, (e) MO-NSGA-II,
(f) ATM-NSGA-II, and (g) ToR-NSGA-II with the median IGD value among 100 independent runs on CTP4. The unconstrained PFs are shown in blue, the red
points are the images of the Pareto optimal solutions in the objective space, and the grey areas are the feasible region.
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